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We introduce a statistical mechanical model for the physical properties of water. Each water molecule is a
two-dimensional disk with three radial hydrogen-bonding arms. Energetic interactions are based on water
triplets, a central water molecule interacting with two neighbors via hydrogen bonds, van der Waals attractions,
and steric repulsions. Interactions with more distant molecules are treated in a mean-field way. Each molecular
triplet can be in one of three energy levels: cage-like hydrogen-bonded structures, denser nonbonded structures,
and expanded structures with no near-neighbor interactions. The model predicts water's thermodynamic
anomalies, including maxima in density, minima in isothermal compressibility and heat capacity, and expansion
upon freezing at low pressure. It predicts the main features of water's phase diagram, including multiple
crystalline phases and the proposed ligtliduid transition in supercooled water. Also, it captures qualitatively

the fragile-to-strong transition in the liquid’s temperature-dependent relaxation processes. This model is intended
to give simple insights into the microscopic origins of water’s distinctive physical properties.

I. Introduction but it increases the mobility of cold watéPressure melts ice

at low pressures and freezes the liquid at high pressures. Liquid
water’s anomalies become more pronounced when it is super-
cooled, i.e., cooled below its freezing temperature without
crystallization. For example, supercooling leads to sharp
increases in its isothermal compressibility, isobaric heat capacity,
and the magnitude of its (negative) thermal expansion coef-
ficient. Power-law extrapolations predict that these rapidly
growing response functions would diverge just below the lowest
temperature where liquid-state measurements are possible (ca.
€3g°Cat atmospheric pressure) suggesting the possibility

of a thermodynamic singularity in the deeply supercooled
liquid.®

Also, liquid water participates in hydrophobic interactions
th nonpolar molecules. These interactions are important for
many self-organization and aggregation processes in aqueous
solution, including protein folding, the formation of surfactant
assemblies, lipid bilayers, and cell membranes, and the binding
of drugs to proteing;12 Some insightful theoretical treat-
mentd013-16 syggest that key aspects of hydrophobic hydration
are related to the distinctive thermodynamics of pure water.
Hence, a good starting point for studying water’s role in
solvation—desolvation processes is to understand the properties
of water itself.

Many important insights have come from atomically detailed
computer simulations of liquids and solids. But complementary
insights have come from simpler models that can be treated
analytically. Physical chemistry textbooks often develop analyti-
cal models such as the ideal gas and the van der Waals fluid
for several reasons: (1) physical properties can be calculated
from analytical models without sophisticated computational
methods, (2) some of these physical properties, in particular
those involving entropies, heat capacities, or phase changes, ar
difficult to access by simulations of detailed models because
of sampling limitations, and (3) analytical models can lead to
functional forms for the dependencies of properties on molecular
parameters and independent variables, tools that are useful fORNi
engineering applications. In that spirit we develop here an
analytical treatment of a highly simplified model for the physical
properties of water.

Water is considered to be anomalous among liquids. Com-
pared to molecules of similar sizaeyater has higher freezing,
boiling, and critical temperatures, surface tension, heat of
vaporization, and isobaric heat capacity. Liquid water also has
“density anomalies” at atmospheric pressure: it is denser than
its solid phase (icey), its density passes through a maximum

at 4°C, and it continues to expand when cooled to lower We recently introduced a simple analytical theory for wdter
temperatures. that is able to predict qualitatively pure water's distinctive
_ Moreover, temperature and pressure affect “hot” water (near penayior from a microscopic model of its hydrogen bonds, van
its boiling point) differently than “cold” water (near its freezing  yer waals attractions, and steric repulsions. Our aim here is to
point). Heating hot water increases its isothermal compressibility develop that model and to use it to explore the plausible

and isobaric heat capacity and reduces its density and rEfraCtivemicroscopic origins of water's distinctive physical properties.
index. Heating cold water has the opposite effeéipplied

pressure reduces the mobility of the molecules in hot water, || Theory

t University of California. A. Two-Dimensional Radial Arm Models. Ours is a two-
*The University of Texas at Austin (permanent address). dimensional radial arm model (2DRAM) (see Figure!d)n
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Figure 1. Geometry of a perfect hydrogen bond between two adjacent Figure 2. Cell types for the fluid states, shown from bottom to top in
molecules in a 2DRAM. order of increasing energy. The cell volumgg§ = 1-3) are indicated
by the gray shaded house-shaped regions. The triangle that forms the

. . . . ... top of the house is defined by the lines that connect the three molecular
2DRAMs, each water molecule is a two-dimensional disk with - centers of A, B, and C. The base of the house is the rectangle that lies

three identical bonding arms, separated by °1285 in the between the line connecting molecular centers of A and C and the
Mercedes Benz (MB) logo. Good hydrogen bonds are defined parallel line tangent to those molecules. The molecular sectors in one
as shown in Figure 1: two arms of adjacent molecules are ce_II sum exactly to the volume of one molecutd?/4. 6 is the local
collinear and their molecular centers are separated by a distanc@rientation of the “central” molecule B.

d. This hydrogen-bond structure promotes orientationally con-

strained (low entropy) and open (low dens’lty) networks, which oc4| environments of irregularly packed condensed phases. This
are regarded as key components of water's anomalous thermojge, resembles that of the “fluctuating cell” model of Hoover
dynamic behaviot?*°One particular 2DRAM potential, the MB o ) 33\yhich has recently been extend#to treat substances
model, has been studied extensively BNyPT Monte Carlo that freeze into plastic crystalline phases.

simulations’™ 27 Despite its simplicity, the MB model repro- The variable-structure cell approach is well suited for our
duces the general properties of liquid water, including negative : pproa
purposes because it can treat fluids with complex local structures

hermal expansivi ver a wide ran f temperature an . X
thermal expansivity over a wide range of temperature and such as water. The structural complexity of water arises because

pressure, anomalously large isobaric heat capacity, minima in - X . ..
: . o . . the geometric constraints of its hydrogen-bond networks limit
both heat capacity and isothermal compressibility upon isobaric both the orientations and the coordination numbers of the

cooling, and expansion upon freezifigh? In addition, the MB L 37 . .
model reproduces the experimental trends with temperature forpart|C|pat3|glsgg molecule®:*" The microscopic plgture that has
emergef83%from both computer simulatiohg*44 and experi-

the solvation of nonpolar solutes, including the free energy, . -
b 9 Y mentds4sis that hydrogen-bond networks render liquid water

entropy, enthalpy, molar volume, and heat capacity of trafdifer. locally het ith fluctuations betw dominantl
Because 2DRAMs can predict qualitatively the distinctive ocally heterogeneous, with Tluctuations between predominantly
two types of local environments, (1) structured (lower density)

properties of water, and because they give insights into the . . . .
underlying structural origins of those properties, we felt it would 2nd (2) unstructured (higher density) regions, depending on both
temperature and presstre.

be valuable to develop an analytical version of this type of =
model. Hence, the molecules in our approach are two- C. Theory for the Liquid and Vapor Phases. Our model
dimensional disks of the type shown in Figure 1, although the System consists dfl identical molecules of diametek These

details of the interactions are somewhat different from the MB molecules are contained withM neighborhoods that we call
model. “cells”. The cells are indistinguishable from each other and

B. Variable-Cell Description of Water's Structure. Our fluctuate between states with different structures, volumes, and
model for water’s liquid and vapor phases can be classified asenergies. At a given instant, each cell can be classified as one
a variable-structure cell theory. Cell theories have played a of three allowable types, (1yage-like (2) dense or (3)
central role in the study of condensed-phase syst&m&Their expanded that describe the mutual interaction of a central
widespread use can be attributed to the fact that they havemolecule (labeled B in Figure 2) and two of its neighbors (A
intuitive microscopic formulations and generate qualitatively and C). The cage-like and dense cell types correspond roughly
correct thermodynamic predictions. A key assumption in these to the transient structured and unstructured regions observed in
approaches is that each molecule in the system is confined bycomputer simulatior’s®-44 and experiment§¢of liquid water,
its neighbors to a localized region of space call@ekh In such and the expanded cell type accounts for the local density
theories, the cells are independent and geometrically identical, fluctuations that give rise to the vapor phase.
an approximation that is based on the structures of ideal We aim to predict the populatiorf§T,P) (j = 1—3) of the
crystalline solids. Hence, the principal criticism of cell theories cell types 1 (cage-like), 2 (dense), and 3 (expanded). The sum
is that they are better suited for modeling crystals than fluid of these populations obeys the normalization condition
phases.

To address this deficiency, Somer and Kait&€developed 3
a variable-structurecell theory. In this type of model, there ij =1 Q)
are a number of different cell types representing the various =
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Figure 2 shows a key construct of this model,hause-
shapedstructure that characterizes the local “volume” that is

associated with each cell. (We use the term volume instead of
area here to maintain the analogy with three-dimensional water.

J. Phys. Chem. B, Vol. 106, No. 45, 200P1831

C (aside from the hard-core overlap constraints),

u; =0

)

The quantity we calculate is the area of the house.) The sectorsy e approximate the distribution of volumes of the ex-

of A, B, and C that are contained within one house (shaded

region, Figure 2) sum exactly to the volume of one molecule
md?/4. The volumes of theN cells sum to the total system
volume Nuv.

Cage-like Cells, Type 1Cell type 1 (Figure 2) is a
low-energy, cage-like triplet structure in which molecule B can
rotate subject to two constraints. First, B is constrained to
maintain a perfect hydrogen bond with C (i.e., B and C are in

contact and their bonding arms are collinear). Second, moleculewhere we choosé = v, =

A contacts B with its bonding arm pointed toward B’s center.
The potential energy of this celj has a square-law dependence
on the angle that describes the local orientation of molecule
B:

—epp T k(O — 27137 al3<6<a
U =|—eyg + k(O —47/3° mw<6<573 (2)
o otherwise

whereks represents the orientational “spring constant” associ-
ated with bending the AB bond, and—e¢yg is the energy of
the cell's ground-state configuration in which two perfect
hydrogen bonds are formed. B cannot access orientations O
0 < n/3 or 57/3 < 6 < 27 because of the steric repulsions
between C and A. The cell volume of the cage-like structure

is

vy(6) = ay(O) (3)
wherea;(0) = sin (0/2)[1 + |cos@/2)|]. Equation 3 is the sum
of two contributions to the housed? sin (6/2) is the volume of
the rectangular base ané sin (9/2)|cos@/2)| is the volume of
the triangular roof. Although this volume depends @nwe
assume that the hydrogen bond is sufficiently stiff (ilg.is

sufficiently large) that the cell volume can be approximated as
the ground-state valu§,

33

U 4 (4)

Dense Cells, Type Xell type 2 (Figure 2) is compact:

panded cell by the average volume of a one-dimensional
excluded volume gass (see section below on Statistical
Mechanics),

ke T

U3=?+b (8)

(2 + /3)d/4 to be the minimal
cell size in the fluid.

Statistical Mechanic3Ve develop the equilibrium statistical
mechanics of this model within the isotherm#obaric en-
semble (constan, P, andT). We treat the cells in the fluid
states adN indistinguishable, weakly interacting (i.e., inde-
pendent) subsystems, so we express the partition function of
the fluid A(N,P,T) as

A=A ©)

Acell is the partition function for molecule B in its cell, given
by

3
B = SN [ [g ey " d6 exp(—[u, + Pu/ksT)
= (10)

where kg is Boltzmann’s constant and(T) is the 2D mo-
mentum contributiod? The sum is taken over the three cell
types (cage-like, dense, and expanded), andy) are the
Cartesian coordinates of molecule B (i.e., the central mol-
ecule). The double integral /gy dx dy represents the
translational volume that is accessible to molecule B in cell
type k.

This approach, which is similar to that of traditional cell
theories, assumes that the degrees of freedom associated with
other molecules in the cell (A and C) have been accounted for
elsewhere; i.e., molecule A of one cell is the central molecule
(B) of another cell. Although approximate, this ensures that the
system retains the appropriatdN 3legrees of freedom K2
translational andl orientational in 2D). The multiplicative factor

molecules A, B, and C are compressed into mutual contact. ThisN in eq 10 accounts for the fact that each of Mheolecules in
structure has van der Waals contacts, but molecule B does nothe fluid can be the central molecule of each cell (i.e., the fluid

participate in hydrogen bonds with A or C. The cell interaction
energyu,; and volumey; are assumed to be constant, independ-
ent of B’s orientation:

u, =

()

—e
and

v, = a,d” (6)
wherea, = (2 + \/5)/4. Here,d?%/2 is the volume of the
rectangular base and3d?4 is the volume of the triangular
roof.

Expanded Cells, Type & this cell type (low local density)
(Figure 2), molecule B does not interact with neighbors A and

has communal entropyy.
To determineAce, we sum over the three cell types:

A

cell —

c(T) N[ ex;{— 1i(9)

S [ dx dyjz)h do exp{— T
PT/Z 27 U2

exp{— @_]ff{z} dxdy [ do ex;{— @_] +

ex;{—EB—U_Iel S [ia dxdyj(’)ZT do ex;{— %

ksT
The free volume of molecule Bf ;4 dx dy, is a complex
function of the locations of all of its neighbors, and thus its
determination is beyond the scope of our triplet cell model. We

P,
kT

} (11)
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use the following simple approximation. When molecule B is

27
d6u, (0 —u,(0)/
hydrogen-bonded to, or in van der Waals contact with, molecules g, j; nO eplu O -

A and C (i.e., when it is in either cell type 1 or 2), it is restricted fz’ 9 expl—u,(6)/ksT]

to a molecular-sized free volum@;y dxdy = [ [y dxdy = s

d?. We assume that it can translate within this local free volume " 40 (0 — 2nl3fe 0TI 4 f d0 (0 — dr/3)e 0 FeT
without affecting its energy. Substituting this free volume ~eus + k= . - = - =
approximation into the first term in eq 11 and integrating over f df & 0THTrIeT + f df & T

0 gives L Nk 2 erf(y/keri9KkaT) — 2137k, T expl-ka9kT) _

2./ akgTIkerf(y/ kar?/9kgT)
et - TR D

3 erf(y/ka?/9%ksT)

ff{l)dxdyfozﬂdeexp[ ﬁ_dzf e p[ u(0)| _

- k(0 — 2713y
d? ex;{kBT { I de exp[— T +

_ 7
‘/;[5:1/3 4o ex;{— k(0 — 4xl3) ] _

[ d6u, expl-uksT]

W= =U,= —¢4

[ do expl-uylkgT]
" doug expl-ugksT]

2 [W,= =u,=0 (16)
29 ] AL - T — 3
2d Xp[kBT ths/erf( ST (12) S d6 expl-uglkgT]
The relations given in eq 16 can be used to eliminate the
Similarly, for cell type 2 we get energetic parameters;g and ¢g from eq 15, yielding the

following expression forA ey

[ [ dxdy [ do exp[—— =d [ d P[ ] = Aoy = Zg] expl— (T Po)/kgT] = ZA 17)

27d? ex;{kBT (13)

where the rightmost equality in eq 17 defings The prefactors

01, 2, andgs that result from this conversion to average energies
give the densities of states of the cell types:

In the expanded cell (type 3), molecule B is no longer

constrained to be in contact with A or C. We assume that its 2

erf(y/ kgr/9
free volume can now be described by the simple excluded- g(T) = 2nd?c c(T) k™)
volume expressiolf [z dx dy = vz — b, which gives N Katlks T

ol Vkalks T expl—kgr /9, T]
S S dxay [ do eXP[ kBT] 2 3 erf(y/ k2%, T)

gy(T) = 2ace(Te

U
v3—b) [ d6 ex = 27(v, — b) (14)
9s(T,P) = 2nc(M)e(vs — b) = 27c(T)e5-  (18)
whereb = v, = (2 + +/3)d%4 is the excluded volume

parameter that appears in van der Waals theories. Substitutlngf
egs 12-14 into eq 11 gives the partition function for molecule

B in its fluctuating cellAcey g expl—([0+ Pu)/ksT] A
i i ] j

The fractional populations of the cell typg€T,P) are obtained
eq 17,

Pv, + € — ZAk
Acen = deC(UN{ exp[ ! HB] N crf(‘ / ST g\gk PO PuleT]
—Pu, + €, — Pu,](v; — b) These populations are the fundamental microscopic quantities
ex;{—_l_ + ex;{ T > (15) in the model.
ks Ks d Finally, substituting eq 17 into eq 9 and applying Stirling’s

approximatiorN! = (N/e)N leads to a very simple form for the

It can be shown thats = (ks T/P) + b (given by eq 8) can also  Partition function of the fluid:
be derived by maximizing\¢e in eq 15 with respect te; at 3
constantN, P, andT (i.e., finding the value ob; that satisfies A= i[A l]N =( A.)N (20)
[0Acen/dvalneT = O and pPAcei/dvanpr < 0). . Z! :

Now, to simplify later results, we rewrité\c in terms
of average energiesi;J and corresponding densities of Our model differs substantially from conventional cell
statesg; for the three energy levels = 1-3. The average  theories®3°that focus on a central molecule surrounded by a
energies are static first shell of nearest neighbors. Our cells describe only
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molecular triplets, not whole cages, and the cell populations the isothermal compressibilityr,
depend on temperature and pressure. For example, increasing

the pressure can shift the cell population from cage-like cells

Jlnv 8']’]1:J

13
=—"Sful[—
T U;J J{

to dense cells. That is, a cell around a central molecule B cankt = — +

change structure. Moreover, our central molecule B is not P P I

confined to remain in one cell. Instead, each ofkhmolecules dln Ui 3

can be the central molecule of any cell (i.e., the molecules are b 1 = ZKT,j (27)
=

not localized in space), giving rise tocammunakontribution
to the fluid’s entropy that is not present in the crystalline

phaseg? and the thermal expansion coefficiemng,

Computing Macroscopic Properties from the Partition Func- 91N 13 9Inf 9ln v 3
tion. The chemical potentiak of the fluid can be obtained o — i I POV § B = .
directly from the partition functiom\ given in eq 20 aT Jp z;,;' "l aT Je aT |p ,Z !

(28)

In A s
u=—kgT N = —kgTIn{ ZAi} (21) Each of the thermodynamic response functi@asap, andkr,
= involves two temperature- and pressdependent contributions

The molar volume/(T,P), i.e., the equation of state of the fluid, from each cell type, arising from (1) changes in its population

comes from differentiating with respect toP, fi and (2) changes in its properties (i.&;,or v;) (see also
Appendix A).
u ks TroA Cell—Cell Attractions.So far, we have neglected interactions
U=laplr T m[ﬁ T between one cell and another. We now account approximately

for these interactions. We assume that neighboring cells interact
ke T through an orientation-independent van der Waals attraction.
— t+bjA, Z”JA' Hence, we add a van der Waals teraNa/v to the average
P _= energy, wherea is a constant ana is the equilibrium molar
3 3 volume. Because this dispersion energy does not affect local
ZAK ZAK molecular structuring, it can readily be incorporated into the
= k= theory self-consistent} as follows. As is shown in Appendix

3
VA + vA, +

3 B, “turning on” a uniform attractive potentiatNa/v (at constant
=SNfu (22) N, V, andT) in a generic system reduces its pressure fRym
]Z ! to P = Py — a/v?, as in the van der Waals or BragyVilliams
theories. Therefore, to determine the molar volunag pressure
where thef; are given by eq 19. Similarly, the molar enthalpy P for nonzerca, we simply evaluaf€ eq 22 at the larger pressure

h is given by Po.
h=u+Ts=u—T g‘_lf_ v="1(T,Po)v; + f(T.Po)v;, + f5(T,Py) v5(T,Py)
P
3
2 > > = ij oY%,0 = Yo (29)
ks T Z(BAJ-/Z)'DP Z(3kBT/2 + WyLH Pyy) A &’
= i=
= 3 = 3 whereP, satisfies the identity
A A
k; “ k; X Py =P+ aly? (30)
_ > fh 23 Throughout this section the subscript “0” is used to indicate
- Zi j (23) that a function is ealuated at B given in eq 30 eg., vp =
= v(T,Po). Note that, from eq 29, the mean-field adjusted fractional
whereh is the enthalpy of cell typg populations at pressuReare now given by, = fj 0. The chemical
potentialu at pressurd® and nonzera can be determined by
h =g+ Py (24) evaluating eq 21 d@ and adding the van der Waals contribution

—2alyy (see Appendix B):
andg = 3kgT/2 + [iis its energy. The enthalpy of the fluid

h, like its volumev, is a linear combination of contributions U = g — 2alv, (31)

from each cell type. From these relations, we obtain the other

thermodynamic quantities: the molar entrapy The effects of the dispersion field on other thermodynamic
functions follow from egs 2931. For example, we get the molar

3
s=h-WT=FiHT+k(YA)  (5) enthalpyh,
] = a//t

h=,u+TS=,u—T’— —h,—2aly,  (32)
the isobaric heat capacitg, aTle ° 0

alnfj

aT |,

oh aln hj

3
=5fh
oTfp ,Z] J{

_I_

3 the molar entropys,
Cp=
P

S (26
,ZCP" (26) s=[h—uiT=s5, (33)

aT



11834 J. Phys. Chem. B, Vol. 106, No. 45, 2002 Truskett and Dill

the isothermal compressibilityr, Crystal Structures
3 3 10 0vi0 KT Low-pressure (LP) ice High-pressure (HP) ice
k= ZKTJ = —Z— = 5 (34)
i= [ 0 W L 2auct of vy
the thermal expansion coefficieap,
o 3 L 3 1(8fjvoyj’0) B Up o 35)
P Pj Z_ -
1; Fw\ aT P11 - 2a/<T'0/vO2
and the isobaric heat capacity,
3 3 aijo(hj’0 — 2alv,)
: JZ P JZ' aT P
2aT0LP,02 Figure 3. (a) Structure of low-pressure (LP) ice. (b) Structure of high-

Cro 4 (36) pressure (HP) ice.

_ 2
vot 1 = 2akro/vg’} bonded to its three nearest neighbors. These triangular cells

contain all points in space that are closer to the central molecule
than to any other molecule in the system; i.e., they are the
Voronoi polygon® associated with each molecule. As in

traditional cell theories, the three neighboring molecules are
fixed in their ground-state positions and orientations, whereas
the central molecule can rotate. We assume spring-like angular

The results presented in eqs—2%6 are used in section Il to
calculate the physical properties of the fluid phases.

In the high-temperature limi — o, the system is dominated
by cell type 3 {{ — 0, f, — 0, f3 — 1), and our model equation
of state becomes identical to that of a 2D van der Waals fluid

fluctuations of the central molecule with respect to its perfectly
ke T
— — % 37) hydrogen-bonded cage (as measured by afigieo the potential
T v—b energy of this cellp is
Our aim in the following sections is to develop an analytical —3e,5/2 + 3k502 0<6 <3

model of the phase diagram. Computing the phase diagram )

requires knowledge of the possible crystalline phases. ) = —3eppl2 + 3k(0 — 27/3)" A3 <6 <x (38)
Liquid—solid phase transitions have been modeled successfully "-F —3€.5/2 + 3k(0 — 4\7t/3)2 <6 <5713

by cell theorie&*355%54 and other statistical mechanical ap- _ o2

proaches® In those simple strategies, the solid states are F;1ot 36gl2 + (0 — 27) 5m/3 < 0 < 2m
predicted by the model; they are assumed as inputs. Water has . .
at least 12 distinct crystalline pha8&sinder various con- and its volumenp is given by
ditions of temperature and pressure, and although there has
been progress in this regard, modeling these solid phases has
been quite challenging even with microscopically detailed
potentials?’ )

D. Theory for the Crystaline Phases. What are the Because the ground-state involves three hydrpgen bonds, the
crystalline phases of the present model? As a first step, we 9round-state energy of the central molecule-i8eys/2. Its
consider two types of crystalline phases: a low-pressure (LP) to_r3|onal spring constant i%3 three_ times the vglue associated
ice and a high-pressure (HP) ice. Our choice for the LP phaseW'th _ber_ldlng one hydrogen bond in the cage-like cell type 1 of
is simplified by the fact that there is only one possible crystalline the liquid. , ) N ,
arrangement that permits the maximum number of perfect . T_he isothermatisobaric partition function for the crystal
hydrogen bonds per molecule. This low-density crystal structure, 1S 9iven by
shown in Figure 3a, is analogous to hexagonal jcaud it is N
also the crystalline phase that has been observed in low- A = exp(-NulkgT) = [Acql (40)
temperature Monte Carlo simulations of the MB mo#el.

Water also has denser forms of ice at high pressures. ToThis expression is identical to that of the fluid (eq 9) except
explore the possible structures of a dense crystalline phase, wevithout the factor ofN! in the denominator, because the
recall that there is a unique minimum-volume £ «/§d2/2) molecules are localized (and thus distinguishable) in the crystal.
arrangement for 2D disks in the plane. Figure 3b illustrates one We expressice) as follows:
candidate structure, which we call the HP crystal, that conforms
to this triangular packing arrangement. Ay =c(T) f do exp(—[u p(6) + Py pl/ksT)  (41)

The two ices described above do not exhaust the possible
crystalline structures for this model. However, a preliminary As in the fluid phasess andy describe the position of the central
search using the theory outlined below has not revealed othermolecule. In eq 41, we have assumed incompressibil{fy;,P)
stable crystals. Hence, we take the model's LP and the HP = yp. Also, as in the cage-like (type 1) and dense (type 2)
phases as being representative of water’s crystalline forms. cells of the liquid in egs 12 and 13, we simply replace the double

Model of LP Ice.The LP ice structure shown in Figure 3a integral over the allowable positions with the molecular-size
can be divided intoN cells, each containing one molecule free volume/f{p dx dy = d2 Substitutingu_(9) into eq 41

= %‘s’dz (39)

Up
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and performing the integration leads to

Acen = (T) exp[=PuplkgT] [ [ 15 dxdy x
7" d6 expl-u,p(6)/ksT]
= d’o(T) expl—Pu, ks T] €Xp[3e,a/2KsT] x
{ f_”ss do e 3T L‘/fs o & 3O-2TIPleT
jfm do e—3k5(0—4n/3)2/kBT}

Beypl2 — PULpls erf(y/ kar/3kgT)

ke T 2,/3k gtlks T

= 2nd’c(T) exp[
(42)

J. Phys. Chem. B, Vol. 106, No. 45, 200R1835

TABLE 1: Reduced Thermodynamic Variablest

temperature T =TTc
pressure Pr = PIPc
volume vr = VIVc
isothermal compressibility k3= —(0In vldoP)r, = rkrPc

thermal expansion coefficient af = (0In vldT)p, = apTc

a8The subscript C indicates that the quantity is evaluated at the
liquid—vapor critical point.

of the component cell quantities:

A= exp(— N/"/kBT) = [AceII,HP]] 2Nlgi[AceII,HPJ NS (49)

Following a development similar to that of eqs-445, the
chemical potential of HP ice can be shown to be given by

2
Substituting eq 42 into eq 40 yields the chemical potential %4 = — :—ngT IN{9ip1 EXP[—([WhpsH Pop)/K T} —

— 1
u = —kgTIn{gp exp[— (W p[H Py p)/ksT]}  (43) 36T I{Gup XPE- (Wi Puyp)/ksT]} (50)
As before, we use the average cell enengjyl] wherelipi0= [ pOgiven by eq 44guer = gup given by eq
27 45, vyp1 = vHp2 = \/§ d2/2, [ippo 0= 0, andngz = 2.7'L‘d2C(T).
0 = fo do u_p(6) exp[—up(6)/ksT] As before, eq 50 holds only wher= 0. Again, to calculate
LP fh d6 expl-u, o(6)/k.T] the chemical potential(T,P) for nonzeroa, we make the
0 P tp B substitution
3 T exp(—kgr’/3 a
- _ % + k'% _ 3ks7TkBTM (44) u(T,P) =,u(T,P + 2 2) — 2alvypy (51)
3 erf(y/kar?/3ksT) HP
dth ding density of [ll. Comparison with Experiments and Molecular
and the corresponding density of statgs, Simulations
£ h, -2 A. Phase Diagram.We now explore the phase diagram of
Op= 2ﬂd20(-r)3 erflykor/3ksT) x the model. To compare with experimental data, we use the
2,/ 3kgtlkg T reduced thermodynamic variables shown in Table 1. In this
2 representation, the results depend on three parametéil&g),
1 V3KkgtlksT expl—kgr'/3kgT] (45) edens, andkdeps. These dimensionless combinations quantify

X
2 I 2 the ratios of the characteristic dispersion enaafgl, the dense
3 erflykor/3kgT) state energyey, and the bonding spring constaki to the

Equation 43 holds only for cases where the dispersion term characteristic hydrogen-bonding energy.
vanishes, i.e.a = 0. As in the fluid, to calculate the chemical Figure 4 compares the phase behavior of the model to the
potentialu for nonzeroa, we make the substitution experimental phase diagram for water. The curves locate the
phase boundaries in the pressutemperature plane. These
boundaries are calculated by determining, for each temperature
T, the pressureé® at which the chemical potentials of two
competing phases are eqd&llhe parameters used to calculate
Model of HP Ice.Our model of HP ice is shown in Figure th_e theoretical phase diagram are_shown in Table 2. AItho_ugh
3b. In short, HP ice is simply LP ice with the interior of each this parameter set has not been optimized to match any particular

hexagonal cage filled by a water molecule. So HP ice has two property of water, it was found to yield a good overal
cell types. Two-thirds of the molecules form a lattice that is description of the experimental data. C

identical to the hexagonal cages of the LP phase. The molecules The tr’1eory repr_oduces many of the dlstlngw§h|n9 features
in the other one-third are the internal free waters. We refer to .Of water's phase diagram. For instance, the melting line for LP

the former as HP cells of type 1 (HP1) and the latter as HP ice is negatively sloped in the pressutemperature plane,
cells of type 2 (HP2) indicating that the liquid is denser than LP ice along the

We take the potential energy of HRip; to be identical to coexistence curve. At high pressure, LP ice undergoes a first-
the LP cell given by eq 38: order transition to the HP ice, which exhibits a “normal”
' positively sloped melting line. These phase transitions are

w(TP) = #(T,P +-2 2) — 2alyp
Up

(46)

Uppy(6) = U p(6) (47) qualitatively similar to those involving the experimental low-
pressure and high-pressure forms of ice (e.g.,ieadl ice VII,
We assume the potential energy of H&#> is zero, respectivelyf® The theoretical melting and boiling curves are
shown to converge to a liquiesolid—vapor triple point, below
UypA0) =0 0<6=<2n (48) which only the vapor or solid states are thermodynamically

stable. In agreement with the phase diagram of water, the triple
Because the cells are independent and distinguishable, thepoint temperature is roughly 42% of the vapdiquid critical
isothermat-isobaric partition functiom\ is given by a product  temperature.
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Figure 4. Phase diagrams of water: model (top) and experiments
(bottom) in the plane of reduced pressBre@ersus reduced temperature
T.. The unbroken curves are the phase boundaries of the first-order
transitions discussed in the text. For clarity, the many sadwlid
transitions in the experimental phase diagram of water have been
omitted. The dashed curves are the metastable hgligdid transitions
discussed in the text. See Mishima and Stahieya discussion of the
proposed liquietliquid phase transition in supercooled water. The
values of the parameters used for the theory are given in Table 2.

TABLE 2: Dimensionless Parameters for the Model

a/dzeHB 0.295
€dlens 0.15
kd/ens 100000

Although the present model predicts first-order freezing
transitions, in agreement with experiments, this may be a
consequence of our mean-field treatment. The Kosterlitz
Thouless-Halperin—Nelson-Young (KTHNY) theory predicts
that topological defects in 2D crystals can cause melting via a
continuous transition instead of a first-order transition (see
reviews by Strandbuff and Glaser and Clafk.

Figure 5a shows the model’s phase diagram from a different
perspective, namely in the reduced temperatdensity [, or)
plane, whereo, = 1/v;. The coexistence curves are calculated
directly from the pressuretemperature phase boundaries shown
in Figure 4 using the equations of state of the various phases
(see section Il). The region of thermodynamic stability for the
liquid is bounded above by the vapsdiquid critical temperature
and is bounded below by the freezing transitions to the LP and
HP phases. A detailed view of this region is shown in Figure
5b. The model correctly predicts that the liquid exhibits a
negative thermal expansion coefficient;( < 0), i.e., it
expands upon cooling, over a broad range of conditions. The
values of temperature and density for which this anomalous
behavior occurs are enclosed in Figure 5b by the locus of points
that satisfya’,; = 0 (the temperature of maximum density,
TMD).

The theory also addresses an interesting aspect of supercoole
water. It predicts a low-temperature liguitiquid immiscibility,

i.e., a first-order phase transition between two structurally
distinct deeply supercooled liquid phases (shown in Figure 4):
a high-density liquid (with mostly dense triplet structures) and
a low-density liquid (with mostly open, cage-like structures).
This is consistent with the view that the “first-order” transfor-
matiorf62-64 petween water's low-density and high-density
glassy forms (LDA and HDA, respectively) is an arrested
signature of an underlying liquieliquid transitior$:*° (Figure

4). We note that vitrification (glass formation) and crystallization

Truskett and Dill

Metastable
L-L
transition

Nk

r

Figure 5. (a) Phase diagram of the model in the plane of reduced
temperaturdl, versus reduced density. The unbroken curves are the
phase boundaries of the first-order transitions discussed in the text.
The dashed curve is the metastable liquid-liquid transition. The dotted
lines connect coexisting densities for the model’s two triple points. (b)
Detailed view of the liquid state. The detlashed curve is the
temperature of maximum density (TMD). For temperatures below the
TMD, the liquid expands upon isobaric cooling. For temperatures above
the TMD, it contracts upon isobaric cooling.

(ice formation) in deeply supercooled water have thus far
prevented the experimental verification of this hypoth&sis.

B. Thermodynamic Anomalies of the Liquid State.Figure
6 compares the model’s predictions for the reduced molar
volume v, thermal expansion coefficiem’;, isothermal com-
pressibility«T, and isobaric heat capacity with experimental
data for water at atmospheric presstfr@he model captures
liquid water’s distinctive behavior, including negativxé and
sharp increases i, «7, and cp upon supercooling. It also
reproduces qualitatively the discontinuous changes in these
guantities across water’'s first-order freezing transition to
hexagonal ice.

C. Structural Basis for the Properties of Water. To explore
the microscopic basis for the model’s predictions, we examine
in Figures 713 the behavior of the local cell populatiofisj
= 1) cage-like, ( = 2) dense, andj = 3) expanded, and their
contributions to various thermodynamic properties. These figures
illustrate the entire temperature range of the liquid at atmo-
spheric pressure, from the coldest supercooled state Q) to
the hottest superheated state (the liguidpor spinodal tem-
perature, T, ~ 0.8025). Unbroken vertical lines mark the
locations of the first-order freezing and boiling transitions.
“Stable” indicates the temperature range where the liquid has a
tbwer chemical potential than either the vapor or the crystalline
phases. “Supercooled” and “superheated” denote the temperature
ranges where the liquid is metastable with respect to LP ice
and the vapor, respectively. For comparison, Figure 14 illustrates
the experimental behavior of liquid water's thermodynamic
response functions in the supercooled region.

Figure 7 shows that the coldest supercooled liquid consists
of almost entirely hydrogen-bonded, cage-like structures. As it
is heated toward the freezing transition, the orientational
constraints of the hydrogen bonds are broken, and the cages
“melt” into dense cell types. The stable liquid consists of a
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Figure 6. Water's thermodynamic properties versus reduced temperatateatmospheric pressuteémodel (left) and experimetft(right). The
solid lines are the properties of the stable liquid and crystalline phases, and the dashed lines are the properties of the supercooled liquid. The

discontinuities occur at the first-order freezing transition. (a) Reduced volun(®) dimensionless thermal expansion coefficie@it= (3 In
vddT)e,, (c) dimensionless isothermal compressibilfy= — (3 In v/0P,)t,, and (d) dimensionless isobaric heat capaciits.
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Figure 8. Cell contributions to the liquid’s molar volunfgj/uc from

the § = 1) cage-like, ( = 2) dense, andj (= 3) expanded cell types
versus reduced temperatUreat atmospheric pressui&€The unbroken
curve is the total molar volume = Y|fiyj/vc. Other labels are given

Figure 7. Populationd; of the ( = 1) cage-like, (= 2) dense, and (
= 3) expanded cells versus reduced temperaiyrat atmospheric
pressuré® Recall thaty;fi = 1. The unbroken vertical lines are the
freezing Tr and boiling Ty, temperatures that bound the stable liquid

region. The dotted vertical lines label&gandT;, are the experimental in Figure 7.
glass transition and homogeneous nucleation temperatures for liquid
water.
freezing point, heating still predominantly converts cages into

combination of cage-like, dense, and expanded triplet arrange-dense structures (% 2), increasing the density. However, near
ments. In the superheated range, however, the liquid’s structureboiling, heating converts both cage-like and dense structures
becomes an essentially bimodal distribution of dense and into expanded structures (1;2 3), decreasing the density. The
expanded cells, with few hydrogen-bonded states. Note that theminimum in molar volume occurs at the temperature where there
populations shown in Figure 7 behave qualitatively similar to is a balance between these two competing effects.
(1) water’'s experimental hydrogen-bond populations as deduced The theory also offers insights into the model’s thermody-
from IR spectroscopic data and (2) water's molecular cluster namic response functions. As is shown in eqs 35 ando36,
populations as predicted from ab initio calculatidhs. andcp can be expressed as sums of contributions from the cell
The volumetric properties of the liquid are shown in Figure types,ap = Yjop; andcp = Yjcpj. These contributions are
8. The coldest water is low-density, dominated by open cages.plotted in Figures 9 and 10. Figure 9 shows that the negative
Heating the supercooled liquid increases the density as cageghermal expansion coefficient in cold and supercooled water
(cell type 1) collapse into dense structures (cell type 2). In the results from the collapse of the hydrogen-bond cages, increasing
stable liquid range, the balance of properties is subtle. Near thethe density with increasing temperature. The positive thermal
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Figure 9. Cell contributions to the liquid's thermal expansion Figure 11. Temperature derivative of the cell populatiors§/qT,)e,
coefficientap, Tc from the { = 1) cage-like, (= 2) dense, and € 3) for the { = 1) cage-like, { = 2) dense, andj (= 3) expanded cell

expanded cell types versus reduced temperalurat atmospheric  types versus reduced temperatifeat atmospheric pressuteNote
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Figure 12. Cell contributions to the liquid’s isothermal compressibility

«t;Pc from the { = 1) cage-like, (= 2) dense, and & 3) expanded
cell types versus reduced temperafGirat atmospheric pressuigThe
unbroken curve is the total isothermal compressibitity= ¥ j«r;Pc.

Other labels are given in Figure 7.

Figure 10. Cell contributions to the liquid's isobaric heat capacity
cpjlke from the { = 1) cage-like, (= 2) dense, and & 3) expanded
cell types versus reduced temperaftirat atmospheric pressui&The

unbroken curve is the total isobaric heat capacjty= 5 jcpj/ks. Other
labels are given in Figure 7.

. .- . To understand the individual cell contributioas; andcp;
ff h h Its fi . ) RN
expansion coefficient in hot and superheated water results romgwen by egs 35 and 36, we also Showi/(T,)p, versusT, in

the thermal conversion of dense to expanded structures, increasz. ; s )
ing the volume with temperature. Figure 11. This plot highlights the thermal-induced structural

) ) ) ) changes mentioned above. Interestingly, in the supercooled
Figure 10 illustrates that the pronounced maximum in the jiquid, most of the structural transformation occurs in the
heat capacity of the supercooled liquid also arises from the requced temperature randg < T, < Tp, where the quantities
conversion of cages to dense structures, hence the breaking oﬁ-g ~ 0.2 and T, ~ 0.363 correspond to liquid water's
hydrogen bonds. In the supercooled liquid, raising the temper- experimental glass transition and homogeneous nucleation
ature melts the hydrogen-bonded cage structures (low enthalpy}emperature&®’
into dense structures with van der Waals contacts (higher The isothermal compressibility can also be written as sum
enthalpy). Because this population change occurs over aof contributions from the cell typesr = Sjkr; (see eq 34).
relatively small temperature interval, it produces a large heat The «rj are shown in Figure 12, and the related pressure
capacity. The heat capacity subsequently decreases in the stablgoefficients of the cell populationsf(aP,), are plotted in Figure
region because many of the cage-like structures have beeni3. The behavior of the compressibility can be rationalized using
melted out. However, near the liquidapor spinodal temper-  Le Chatelier's principle. In very cold water, the liquid is
atureT, ~ 0.8025, both the thermal expansivity and the heat dominated by rigid cage-like structures, and thus its compress-
capacity increase dramatically, as the system becomes dominatedbility is low. As the supercooled liquid is heated; increases
by fluctuations to the high-volume, high-enthalpy expanded because applied pressure can now collapse the cage-like triplets,
structures. disrupting the hydrogen-bond network and forming dense states
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Figure 14. Effect of supercooling on water’s thermodynamic response
functions at atmospheric pressure: isobaric heat capeagity (top)
and isothermal compressibility; = — (dlnu/dP,)r, (bottom). The
circles are experimental dathand the curves are guides to the eye.
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Figure 15. log D/Ds versus reciprocal reduced temperaftiré, where

D is the self-diffusion coefficient of the liquid ands is its value at

the freezing transition. The unbroken curve shows the model predictions
using the Adam-Gibbs theory (eq 52). The ratld/D; depends on one
free paramete€, which we set taC = 12 to fit the experimental data
(circles) at atmospheric pressiifelhe broken slanted line is provided

to highlight the crossover from Arrhenius to non-Arrhenius kinetics in
the supercooled liquid, i.e., a fragile-to-strong transition. The vertical
dashed lines labeledy* and T,~* show the location of the experi-
mentaf glass transition and homogeneous nucleation reciprocal tem-
peratures for liquid water.

Water may be a notable exception to this classificatfoi.
Specifically, supercooled water behaves like a fragile liquid near
its freezing temperature, whereas recent evidence indicates that
it behaves like a strong liquid near its glass transition temper-
ature’%721t has been proposed that water’s unusual relaxation
behavior may be directly related to its low-temperature ther-
modynamic anomalie®:”3-75 Convincing evidence of this can
be found in recent computer simulations by Ja§@he model
pair potential used in Jagla’s studies is extremely simple,
consisting of only a short-range mildly repulsive rafifThis
interaction promotes two different local environments, a dense
environment (favored at high pressure) and an open environment
(favored at low pressure). Despite its simplicity, Jagla’s model
captures many of water's thermodynamic anomalies and the
fragile-to-strong crossover in the temperature-dependence of its
diffusivity.

To predict water’s kinetics from our thermodynamic model,

with smaller volumes. The stable liquid has a smaller compress-We use Adam-Gibbs theory,” which relates the diffusivityd
ibility than the supercooled liquid because many of the open to the liquid's configurational entropgc:

cage-like structures have given way to incompressible dense

states. Finally, the isothermal compressibility of hot and

superheated water is high because of the presence of low-density

(i.e., compressible) expanded structures.

D. Structural Relaxation and the Proposed “Fragile-to-
Strong” Transition in Water. If crystallization can be avoided
when it is cooled, liquid water (like virtually all liquids) will
form a glas$. As the temperature is lowered toward the glass
transition, its structural relaxation time increases rapidly,
approaching 19s. Accordingly, its viscosity; O T increases
and its diffusivityD O z~! decreases.

Angellf®8 has advanced a useful classification for the

D =D, exp(— %) (52)

Here Dy and C are constants angl is usually taken to be the
difference between the entropy of the supercooled liquid and
the stable crystal at the same temperature and pressure. Starr et
al.”® have used experimental measurements of the entropy, heat
capacity, and enthalpy of both liquid and glassy water to
construct a thermodynamically plausible formsgbver a broad
range of conditions, including the experimentally inaccessible
region below water's homogeneous nucleation temperature.

temperature-dependent relaxation behavior of glass-forming Their analysis suggests that, within the context of the Adam-

fluids. Liquids that show Arrhenius behavior are called “strong”;

Gibbs theory, the proposed fragile-to-strong transition is con-

those that exhibit marked deviations from Arrhenius behavior sistent with the available experimental data for water.
are called “fragile”. Strong substances, such as the network Our model gives the entropy of all phases, hence the

formers SiQ and GeQ, are able to resist thermal degradation;

configurational entropys.. Combined with the AdamGibbs

i.e., their short- and intermediate-range structural order persiststheory, this allows us to compute the diffusividyof the super-
to high temperature. On the other hand, key structural featurescooled liquid. Figure 15 compares the predictions of our theory

of fragile glass formers, such asterphenyl, disappear rapidly
upon heating above their glass transition temperature.

at atmospheric pressifdo the experimental dafd The model
predicts a fragile-to-strong transition in supercooled water.
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To the extent that water's dynamics are determined by its
configurational entropy, as is supposed in the Addgibbs
treatment, the present model gives the following explanation
for the fragile-to-strong transition. In the coldest supercooled
liquid, the dynamics are due to small torsional fluctuations of
hydrogen-bonded cage-like structures. The onset of the non-
Arrhenius, or fragile, behavior occurs over the reduced tem-
perature rangely < T, < T, where pronounced structural
transformations take place in the liquid (see Figure 7). The
fragility of the model liquid over this range is due to the large
increase in configurational entropy that occurs when the . . . ) . _
orientationally constrained cage-like structures are melted out, 1.6 1.8 2 2.2
giving way to the orientationally free dense and expanded states. Pr
The mobility of water increases sharply with temperature in Figure 16. Translational and orientational order parameteasdq,
this range. Once the cages have melted out, further increases imespectively, versus reduced dengityor the supercooled liquid. The
temperature lead only to small increments in mobility, again curves are for reduced temperatufies= 0.174, 0.232, 0.247, 0.261,
following near-Arrhenius behavior. This model supports the 0.278, 0.299, and 0.348.
view’! that other network-forming substances (including SiO2, L . . . .
BeR, and Si) may also have fragile-to-strong transitions. 00|r!C|_de with the region on the phase (_jlagram _vv_here the fluid

E. Structural Order Parameters for Liquid Water. Re- exhibits both negative thermal expansion coefficiexj ¢ 0)
cently, Errington and Debenedé¥have studied a translational ~@nd the fragile-to-strong transition, confirming the connection
and an orientational order parameter for characterizing short- 0etween structural, thermodynamic, and kinetic anomalies in

translational order, t

orientational order, q
e o
o o
L
1

o ¢
»
—
1

range order in liquid water. Their computer simulati#nef water. . .
SPC/E wate¥ show a “structurally anomalous” region on the However, in contrast to the results of Errington and Debene-
phase diagram where, in contrast to Simp|e f|L§3Rg§, the detti, we do not find that there is a well-defined “cascade of

translational order and orientational order of the liquid decrease ahomalies” for this model. For example, the TMD does not lie

with increasing density. They show that this region contains, €ntirely within the structurally anomalous region on the phase

as a subset, the conditions where water exhibits anomalousdiagram. Itis not clear whether this is due to the simplifications

thermodynamic and kinetic behavie2 of our theory or a sign that the cascade of anomalies found in
The translational order parametesf Errington and Debene- ~ SPC\E is not a generic feature of water models.

detti reflects the tendency of pairs of molecules to adopt

preferential separations. The orientational order paramgter [V. Concluding Remarks

reflects the preference of neighboring molecules to be located \y/e have introduced a model of water in its liquid and solid

at specific angles with respect to each other. These orderpnages The model treats van der Waals attractions, steric
parameters were designed to be small in the disordered gas phasreepulsions, and orientation-dependent hydrogen bonding be-

and large in iceqd. , _tween neighboring water molecules. It parses water's local
We explore similar order parameters in our model. We define gtr,ctural environments into three classes: cage-like, dense, and
a translational order parameter expanded structures. This local division captures the connections
between energy, volume, and entropy that we believe to be
important for water. It is analytical, and thus it offers simple
insights into water’'s behavior, including density maxima,
anomalously large heat capacity, minima in both isothermal
compressibility, and heat capacity upon isobaric cooling,
expansion upon freezing at low pressure, and the conjectured
first-order transition between low-temperature amorphous forms.
cell types. By this definitiont = 1 when all cells are cage-like The theory gl_so captures qualitatively the proposed fragile-to-
or dense, anti= 0 in the low-density gas (whefge— 1, f; — strong transition in the temperature .dep(.andgn.ce of supercooled
0. f, — 0). water’s relaxation processes (e.g., its dlffuswlty). The success
We define an orientational order parameter of the model suggests that t_he unusual properties (_)f water arise
from the balance between simple centrosymmetric intermolecu-
lar attractions and repulsions, on one hand, and the orientation-
q= BOS[:&/}ABC] + 2 COS[G’UABC]D: f, + f—2 (54) dependent hydrogen bonds that impose geometric constraints
3 3 3 on the molecular arrangements, on the other.

t= DlAcﬁ _ [\/éfl + f2]2

= (53)
M0 3f, + 1,

Here,Lac represents the distance between molecules A and C
in cell types 1 and 2. The right-hand side of eq 53 is derived
by assuming the minimum energy geometry for each of the two

where Yagc is the angle that describes the triplet ABC of
molecular centers in cells of types 1 and 2. Once again, the
right-hand side is derived by assuming the minimum energy
geometry in each cell. Its limits agg= 1 for all molecules in
the cage-like structurey = %3 for all molecules in the dense
structure, and| = 0O for all molecules in the expanded structure.
Figure 16 showg andq versus reduced density for seven The thermodynamic response functions are related to standard
isotherms in the supercooled liquid. We find a range of fluctuation expressions. For example, at fix€&T, a fluid’s
temperature and density where the fluid is “structurally anoma- thermal expansion coefficiewtp, its isobaric heat capacit,
lous” by Errington and Debenedetti’s criterihandq decrease and its isothermal compressibilityt are related to the equilib-
with increasing density. Moreover, these conditions largely rium fluctuations in enthalpyd and volumeV:&
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Appendix A: Connecting the Thermodynamic Response
Functions to Fluctuations
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[OHOVpr Appendix B: Thermodynamic Implications of the
Op = W Mean-Field Dispersion Term
To understand the thermodynamic implications of “turning
OHOHpT on” a mean-field dispersion energy of strengtNa/v, consider
Cp= T two systems that have the same number of molecNlesid
kg occupy the same voluméat temperatur@. One system is the
BVOVLpr reference system with potential energy(r™), and the other
k= V—kBT (A1) system has this potential energy plus the additional mean-field
dispersion term,
wheredH = H — HQpt, 0V = V — V[p1, and the angular U(rN) — UO(rN) — Nalv (B1)

brackets indicate averages in the isotheraisbbaric ensemble.

Each of these response functions exhibits anomalous temperaturgye can write the canonical partition functi@(N,V,T) of the
dependencies in liquid water. Although eq Al provides a |atter system as

connection to macroscopic fluctuations, we are interested here

in the microscopic basigor water’s distinctive behavior. We

can determine this in our model by evaluating the pressure andQN\:V,T) = N' fdr exp-U(r")/kgT]

temperature derivatives in eqs-2B8 for the thermal expansion

o _c
coefficientop, (T) fdr expl—{ Uy(r )_ Nalv} /ksT]
o = Yo
P —
— ex p[ e N, D) ™ expl-U(rykeT)
13 [alnfj dlny, }
==ty [—| + _
U;J 1 aT Je aT Jp - ex;{ kg T (B2)
3 [ho,—h v,
:} f 1) . + j where ¢(T) is the momentum contribution to the partition
v 2 aTle function andQu(N,V,T) is the partition function of the reference
i kT
system. The relationship between their respective Helmholtz free
_1 [Ohdy, D 1 |au] A2) energiesA and Ay is given by the following:
A2
vk aT, ks TINQ=—k;TINQ,— Naluv=A,— Nalv (B3)
the heat capacitgp, Similarly, we can determine the effect of the dispersion potential
on the pressure,
ah 3 dInf; aInhy 98, )
G =|— :Zf-h- — + —_[9A} _ (%) _Na_, _a
aTlp £ L aT e aT | P= aVvInt - \aV/nT 2 =P 2 (B4)
_ f [ ] the entropy,
= Kg T P
S= (3A) = (io) =5 (B5)
BhohO  man aT/nv - \oT/nv
_ 77
== [H 1 (A3) . .
ke T aTlp and the chemical potential,
and the isothermal compressibiliky, u=AN+PVIN=A; —alv+ PVIN—alv
=y, — 28/ B6
1o 13 ([ainf]  [alny, fo oW (B6)
k= =7 Aapl- = _;ijUj P |t P These relationships provide the basis for incorporating the
1= uniform dispersion potential into our model.
13 sz —° Buj
= _ij _ References and Notes
V= kBT oP]T (1) For instance, nonmetallic hydrides such as ammonia or methane.

(2) At 1 bar, the minima in liquid water’s isobaric heat capacity and
_1 @U 61/|:J 1 D isothermal compressibility occur at 36 and 46, respectively. The
- = T~ (A4) temperature of maximum refractive index is just belok@

(3) Water's viscosity decreases, and thus its molecular mobility
increases, with pressure for temperatures belo®@G3

In eqs A2-A4, we havedy; = v, — v, oh = hj — h, and the (4) Angell, C. A.Annu. Re. Phys. Chem1983 34, 593-630.

L . (5) Debenedetti, P. GMetastable Liquids Princeton University
angular brackets indicate an average over the cell populationspyess' princeton, NJ, 1996.

0= zf’:lfj-. Each of these expressions contains two terms. gGg Mishima, O.; Stfénley, H. Ei\laéure1998 396, 329-335.

; i ; ; ; ; 7) Kauzmann, WAdv. Protein Chem1959 14, 1-63.
The fIrSt. term, glvmg. mlcrOSCOpIC. fluctuations, - describes (8) Tanford, C.The Hydrophobic Effect Formation of Micelles and
changes in the populations of the various cell types. The secondgig,

) : ; es. 1 ogical Membranes; Wiley-Interscience: New York, 1973.
term characterizes changes in properties of the individual cells.  (9) Dill, K. A. Biochemistry199Q 29, 7133-7155.



11842 J. Phys. Chem. B, Vol. 106, No. 45, 2002

(10) Hummer, G.; Garde, S.; Garcia, A. E.; Paulaitis, M. E.; Pratt, L.

R. J. Phys. Chem. B998 102, 10469-10482.

(11) Lipowsky, R., Sackmann, E., EdStructure and Dynamics of
Membranes Vols. 1A and 1B in Handbook of Biological Physics;
Elsevier: Amsterdam, 1995.

(12) Kuntz, I. D.; Chen, K.; Sharp, K. A.; Kollman, P..#roc. Natl.
Acad. SciU.S.A.1999 96, 9997-10002.

(13) Pratt, L. R.; Chandler, DJ. Chem. Physl1977, 67, 3683-3704.

(14) Garde, S.; Hummer, G.; Garcia, A. E.; Paulaitis, M. E.; Pratt, L.

R. Phys. Re. Lett. 1996 77, 4966-4968.

(15) Lum, K.; Chandler, D.; Weeks, J..D. Phys. Chem. B999 103
4570-4577.

(16) Ashbaugh, H. S.; Truskett, T. M.; Debenedetti, PJGhem. Phys
2002 116, 2907-2921.

(17) Truskett, T. M,; Dill, K. A.J. Chem. Phy2002 117, 5101-5104.

(18) Ben-Naim, AJ. Chem. Phys1971, 54, 3682-3695. Ben-Naim,
A., Mol. Phys.1972 24, 705-721.

(19) Truskett, T. M.; Debenedetti, P. G.; Sastry, S.; Torquatd, Shem.
Phys.1999 111, 2647-2656.

(20) Truskett, T. M.; Debenedetti, P. G.; Torquato JSChem. Phys
2001, 114, 2401-2418.

(21) Silverstein, K. A. T.; Haymet, A. D. J.; Dill, K. AJ. Am. Chem.
Soc.1998 120, 3166-3175.

(22) Silverstein, K. A. T.; Dill, K. A.; Haymet, A. D. JFluid Phase
Equilib. 1998 151, 83-90.

(23) Silverstein, K. A. T.; Haymet, A. D. J.; Dill, K. AJ. Chem. Phys.
1999 111, 8000-8009.

(24) Silverstein, K. A. T.; Haymet, A. D. J.; Dill, K. AJ. Am. Chem.
Soc.2000 122 8037-8041.

(25) Southall, N. T.; Dill, K. A J. Phys. Chem. B00Q 104, 1326~
1331.

(26) Urbic, T.; Vlachy, V.; Kalyuzhnyi, Yu. V.; Southall, N. T.; Dill,
K. A. J. Chem. Phys200Q 112, 2843-2848.

(27) Silverstein, K. A.T; Dill, K. A.; Haymet, A. D. JJ. Chem. Phys.
2001 114, 6303-6314.

(28) Hill, T. L. Statistical Mechanics: Principles and Selected Applica-
tions Dover: New York, 1956.

(29) Hirschfelder, J. O.; Curtiss, C. F.; Bird, R. Holecular Theory of
Gases and LiquidsWiley: New York, 1954.

(30) Barker, J. ALattice Theories of the Liquid Stat®lacmillan: New
York, 1963.

(31) Somer, F. L.; Kovac, Jl. Chem. Phys1994 101, 6216-6221.

(32) Somer, F. L.; Kovac, Jdl. Chem. Phys1995 102 8995-9004.

(33) Hoover, W. G.; Ashurst, W. T.; Grover, R. Chem. Phys1972
57, 1259-1262.

(34) Gay, S. C.; Rainwater, J. C.; Beale, P.D.Chem Phys2000
112 9841-9848.

(35) Gay, S. C.; Rainwater, J. C.; Beale, P.D.Chem Phys200Q
112 9849-9859.

(36) stillinger, F. H.Sciencel98Q 209, 451-457

(37) Ball, P.Life’'s Matrix: A Biography of WaterFarrar, Straus, and
Giroux: New York, 2000.

(38) Tanaka, HPhys. Re. Lett. 1999 80, 5750-5753.

(39) Errington, J. R.; Debenedetti, P. Sature 2001, 409, 318-321.

(40) Poole, P. H.; Sciortino, F.; Essman, U.; Stanley, HN&ure1992
360, 324-328.

(41) Poole, P. H.; Essmann, U.; Scortino, F; Stanley, HPIEys. Re.
E 1993 48, 4605-4610.

(42) Harrington, S.; Zhang, R.; Poole, P. H.; Sciortino, F.; Stanley, H.

E. Phys. Re. Lett. 1997 78, 2409-2412.
(43) Shiratani, E.; Sasai, Ml. Chem. Phys1998 108 3264-3276.
(44) Paschek, D.; Geiger, A. Phys. Chem. B999 103 4139-4146.
(45) Bellissent-Funel, M. CEurophys. Lett1998 42, 161-166.
(46) Canpolat, M.; et alChem. Phys. Lettl998 294, 9—12.

Truskett and Dill

simple two-dimensional model, we incorporate only the rotational contribu-
tion to the internal partition function, which scalesg¥) 0 T2

(50) Jagla, E. AJ. Chem. Phys1999 111, 8980-8986.

(51) Paras, E. P. A,; Vega, C.; Monson, P. Mol. Phys.1993 70,
1063-1072.

(52) Vega, C.; Monson, P. AMol. Phys.1995 85, 413-421.

(53) Gay, S. C.; Beale, P. D.; Rainwater, J.XX.Chem. Phys1998
109 6820-6827.

(54) Malanoski, A. P.; Vega, C.; Monson, P. Kol. Phys.200Q 98,
363—-370.

(55) Lowen, H.Phys. Rep1994 237, 249-324.

(56) Petrenko, V. F.; Whitworth, R. WRhysics of IceOxford University
Press: New York, 1999.

(57) Bzez, L. A,; Clancy, PJ. Chem. Phys1995 103 9744-9755.
Rick, S. W.J. Chem. Phys2001, 114 2276-2283. Arbuckle, B. W.;
Clancy, P.J. Chem. Phys2002 116, 5090-5098.

(58) Voronoi, G. F.J. Reine Agnew. Matt1908 134, 198-287.

(59) In practice, the pressur¢emperature coordinates of the phase
boundaries were found by setting the expressiong fafrtwo phases equal,
choosing a temperature, and using a simple iterative scheme to find the
value of pressure that satisfies the equality. The expressions for the chemical
potentials of the fluid, LP, and HP phases are given by eqs 31, 46, 51,
respectively.

(60) Strandburg, K. JRev. Mod. Phys.1988 60, 161—-207.

(61) Glaser, M. A;; Clark, N. AAdv. Chem. Phys1993 83, 543-709.

(62) Mishima, O.; Calvert, L. D.; Whalley, ENature 1985 314, 76—

78.

(63) Mishima, O.J. Chem. Phys1994 100, 5910-5912.

(64) Because glasses are not in thermodynamic equilibrium, the
experimental transformation between LDA and HDA is not a true phase
transition. However, the sharp changes in volume and enthalpy that
accompany the transformation give it a “first-order” character.

(65) Debenedetti, P. GNature 1998 392 127.

(66) We choose the model’'s “atmospheric” pressure toPﬁté‘ =
0.1627, where it exhibits a reduced freezing temperaturg ef 0.4255
and a reduced boiling temperatureTpf 0.5804. Inputting water’s critical
parameters yields a freezing temperature o2 2nd a boiling temperature
of 102.4 °C. Thus, at “atmospheric’ pressul@™ the model liquid
displays approximately the same range of thermodynamic stability as does
liquid water at 1 atm.

(67) The range of temperaturég < T, < Ty has been referred to as the
“no man’s land” for liquid water because, under those conditions, rapid
crystallization prevents experimental access to the supercooled liquid.

(68) Angell, C. A.J. Non-Cryst. Solid4991, 131-133 13—31.

(69) Angell, C. A.Sciencel995 267, 1924-1935.

(70) Ito, K.; Moynihan, C. T.; Angell, C. ANature 1999 398 492—
495.

(71) Angell, C. A.; Bressel, R. D.; Hemmati, M.; Sare, E. J.; Tucker, J.
C. Phys. Chem. Chem. Phy200Q 2, 1559-1566.

(72) This is still a matter of scientific debate. In particular, the recent
diffusivity measurements of Smith and Kay (Smith, R. S.; Kay, BNBture
1999 398 788-791) appear to contradict the notion that water is “strong”
near its glass transition.

(73) Starr, F. W.; Angell, C. A.; Speedy, R. J.; Stanley, H. E. LANL
preprint #9903451.

(74) Jagla, E. AJ. Phys.: Condens. Matl999 11, 10251-10258.

(75) Jagla, E. AMol. Phys.2001, 99, 753-757.

(76) Size polydispersity was also added to the pair potential in order
prevent crystallization at low temperature.

(77) Adam. G.; Gibbs, J. Hl. Chem. Phys1965 43, 139-146.

(78) Price, W. S.; Ide, H.; Arata, Y. Phys. Chem. A999 103 448
450.

(79) Berendsen, H. J. C.; Grigera, R. J.; Stroatsma, J. Phys. Chem.

(47) The terms “structured” and “unstructured” are purely descriptive 1987 91, 6269-6271.

and are introduced to characterize the bimodal character of the local packing

arrangements in liquid watée®
(48) Note that the large ratio & to eyg used in Table 2 provides some

(80) Torquato, S.; Truskett, T. M.; Debenedetti, P.RBys. Re. Lett.
2000 84, 2064-2067.
(81) Truskett, T. M.; Torquato, S.; Debenedetti, PRBys. Re. E 200Q

justification for this approximation. An alternative approach that would 62, 993-1001.

permit an analytical solution of our model would be to expand the cell

volume in a Taylor seriesu(6) ~ 3v/3d%/4 — 3v/3(6 — 27/3)? d?/16 +
..., and retain the first two terms.

(49) For classical two-dimensional systemgl) = (2zmksT/h?)q(T),
m is the molecular mas# is Planck’s constant, ang(T) is the internal

(82) Sastry, SNature2001, 409 300-301.

(83) See, e.g.: Landau, L. D.; Lifshitz, E. Nbtatistical Physics3rd
ed.; Pergamon: Oxford, 1980; Part I, Vol. 5.

(84) Kell, G. S.J. Chem. Eng. Datd 967, 12, 66—69. Speedy, R. J,;

Angell, C. A.J. Chem. Phys1976 65, 851-858. Angell, C. A.; Oguni,

partition function for a single particle that may contain contributions from M.; Sichina, W. J.J. Phys. Chem1982 86, 998-1002. Hare, D. E;
rotational, vibrational, electronic, and nuclear degrees of freedom. For our Sorensen, C. MJ. Chem. Phys1986 84, 5085-5089.



