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ABSTRACT An important puzzle in structural
biology is the question of how proteins are able to
fold so quickly into their unique native structures.
There is much evidence that protein folding is hier-
archic. In that case, folding routes are not linear,
but have a tree structure. Trees are commonly used
to represent the grammatical structure of natural
language sentences, and chart parsing algorithms
efficiently search the space of all possible trees for
a given input string. Here we show that one such
method, the CKY algorithm, can be useful both for
providing novel insight into the physical protein
folding process, and for computational protein
structure prediction. As proof of concept, we apply
this algorithm to the HP lattice model of proteins.
Our algorithm identifies all direct folding route
trees to the native state and allows us to construct a
simple model of the folding process. Despite its sim-
plicity, our model provides an account for the fact
that folding rates depend only on the topology of
the native state but not on sequence composition.
Proteins 2007;66:1-15. © 2006 Wiley-Liss, Inc.
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INTRODUCTION

Protein molecules have an astronomical number of possi-
ble three-dimensional conformations. Yet, they fold quickly
into unique, sequence-specific native structures. What
makes the folding process so fast, and so reliable? The
search for the native state cannot be random or exhaus-
tive; it has to be biased or guided in some way."? An under-
standing of this underlying bias or guiding principle might
lead to more efficient algorithms for protein structure pre-
diction, and could therefore have important practical im-
plications. In this paper, we assume that the folding pro-
cess is guided by a parallel, hierarchical search for locally
optimal, that is, lowest energy, structures. We show that
this hypothesis allows us to adapt efficient dynamic pro-
gramming techniques for ab initio protein folding, and
argue that it provides an explanation for the well-known
fact that folding rates depend on the topology of the native
structure.?

© 2006 WILEY-LISS, INC.

There is much evidence that folding is hierarchical: pro-
teins have recursive domains,*® some small peptide seg-
ments (“autonomous folding units”) fold into near-native
structures by themselves, and for some proteins, stable
intermediates that consist of secondary structure ele-
ments (“foldons”) have been observed during folding.”
Also, theoretical models, for example the hydrophobic zip-
ping model,® have shown that at the beginning of the fold-
ing process the formation of very local contacts is favor-
able, and that these local contacts in turn facilitate the
formation of contacts that are increasingly non-local. Pro-
posals for hierarchical folding algorithms have been made
before.® However, no computational model is yet able to
identify the native state and all hierarchical folding path-
ways from the primary sequence alone.

Based on the assumption that the folding process is
hierarchical, we suggest that folding routes have an un-
derlying tree structure. This leads us to propose an adap-
tation of the Cocke—-Kasami—Younger (CKY) chart parsing
algorithm!'®!! for structure prediction and protein folding.
As proof of concept, we apply this algorithm to the simple
HP lattice model'®'3 of proteins. CKY is an efficient dy-
namic programming technique that was originally devel-
oped for so-called context-free grammars, and is commonly
used in compilers for programming languages and to pre-
dict the sentence structure of natural languages. CKY
searches all possible binary trees over the input sequence
in a parallel, greedy fashion. Like all dynamic program-
ming approaches, it recursively decomposes the global
search problem—in our case, the search for the native
state of the entire sequence—into a number of smaller,
local searches (for the best structures of shorter sequence
fragments). The results of these local searches (the struc-
tures of the fragments) are stored in a table, called the
parse chart, and re-used in the search for larger struc-
tures. In contrast to other folding algorithms, CKY is
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2 J. HOCKENMAIER ET AL.

therefore able to return all hierarchical folding routes that
lead directly to the native state. From the output of our
algorithm, we construct a very simple model of folding
rates. These rates depend on the amount of entropic
search that is required to find the native state directly,
and on the prevalence of energetic barriers. It is well know
that folding rates of real proteins are strongly correlated
with the topology of the folded structure,® but not with the
composition of the primary sequence. Despite the obvious
simplifications of the physics in our model, the folding
rates we predict show a similar correlation with native to-
pology and are also independent of sequence composition.

EVIDENCE FOR HIERARCHICAL FOLDING

There has been much interest in identifying a principle
or mechanism by which proteins fold; that is, a general
explanation of how the search can be so efficient, despite
the diversity of microscopic trajectories and folded pro-
tein structures. There is substantial evidence that the mi-
croscopic folding process may be guided by a hierarchical
search strategy*: several researchers have proposed that
secondary structures form earlier than tertiary struc-
tures or that secondary structures nucleate tertiary con-
tacts or both.>"®1620 Fyurthermore, Lesk and Rose®®
show that the domains in globular proteins are recur-
sively decomposable, and argue that this structural prop-
erty is a consequence of the folding process, which they
assume follows hierarchic pathways, or trees. Apparent
counterevidence against hierarchical search comes from
hydrogen exchange experiments involving cytochrome c’,
which identify an intermediate state where the chain seg-
ments at the N and C terminal form a unit before they
combine with intervening segments.?! However, cyto-
chrome ¢ has a large heme cofactor, and folding simula-
tions?? indicate that the heme plays a critical role in sta-
bilizing the contact between the terminal segments. This
indicates that cytochrome ¢ may be a special case. Also,
recent work?®2* demonstrates that hierarchical pathways
can be found for all single chain proteins in the PDB, de-
spite the prevalence of N-C terminal contacts in two-state
folders, indicating that static native structures are not
sufficient to determine the folding routes.

It has also been shown recently that experimental @ val-
ues, which give information about protein folding routes,
can often be predicted qualitatively by a mechanism in
which local pieces of structure form independently through-
out the chain, and either grow (zip) or coalesce (assemble)
with other such pieces, leading to the accretion of native
structure 8192528 Such a mechanism of zipping and as-
sembly also predicts tree-shaped folding pathways (see
below). However, all of these models are based on prior
knowledge of the native structure of the protein. What is
needed is a method that has access only to the primary
amino acid sequence, and finds all folding routes without
a prohibitively expensive computational search. The algo-

*See also reviews of Baldwin and Rose!*'® for experimental evi-
dence.
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Fig. 1. Trees describe folding routes. Horizontal treecuts describe
the state of the chain at any point in time. [Color figure can be viewed in
the online issue, which is available at www.interscience.wiley.com.]

rithm presented in fourth section is a proof of principle of
a method that can do this. For simplicity’s sake, we focus
only on direct folding routes, that is, those paths to the
native state that involve no misfolding and subsequent
unfolding. We believe these are the dominant routes for
fast-folding two-state proteins.

FOLDING ROUTES AS TREES

Protein folding kinetics are often modeled in terms of
very broad macrostates. However, the coarse macroscopic
level of description that is commonly obtained from labora-
tory experiments is not sufficient to design computational
models and folding algorithms. For this purpose, an ex-
plicit understanding of the microscopic processes by which
individual chains search and reach their native structure
is necessary. In order to capture the hierarchical, parallel
nature of the folding process, we represent the microscopic
folding routes as trees’ whose leaf nodes represent short
segments of covalently linked chain (substrings), and
whose root represents the entire chain (Fig. 1). The nodes
in between the leaves and root correspond to chain seg-
ments whose length lies between that of the shortest initial
segments and the final complete chain. Folding begins in-
dependently and simultaneously at each of the leaves, and
moves toward the root. Each internal node of a folding
route tree represents a set of partially folded conforma-
tions of the corresponding chain segment that is found by
combining conformations of smaller pieces formed in previ-
ous steps. If a folding route leads to the native state, this
set of conformations will include the native substructure of
the corresponding chain segment (as shown in Fig. 1), but
may be much larger if the native substructure is not
uniquely determined by the segment alone. Therefore, our
definition of folding route trees neither requires secondary
structure elements to be stable without tertiary contacts,
nor does it preclude this possibility.

Because we assume that folding routes are trees, only
conformations of sequence-adjacent, non-overlapping seg-
ments can be combined. This means that if node A spans
the chain segment from monomer i to %2, and node B spans
the segment from monomer % + 1 to j, their corresponding
structures can be combined to form a new node C (the par-

tFormally, a (rooted) tree is defined as a connected acyclic graph G
= {V,E}, consisting of a set of vertices (nodes) V and a set of directed
edges (links) (V;, V;) from one node V; € V to another node V; e V (V;
# V). V contains a special root node, which has no incoming edges.
With the exception of the root, every node V has exactly one incom-
ing edge (W,V). W is the parent (direct ancestor) of V. Nodes that
have no outgoing edges are called leaf nodes. Following standard
usage in graph theory, we assume that edges are directed away from
the root, although the folding process that is represented by a folding
route tree moves from the leaves to the root.
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ent of A and B), which spans the larger segment from
monomer I to j. But A cannot be combined with a node D
that spans the segment from [ to m (unlessl =% + lori =
m + 1). Our assumption that folding routes are trees also
implies that contacts between the segments of A and B
can only be formed when A and B are combined into C.

Furthermore, we assume that only the lowest energy
conformations that can be found for a segment are stable
enough not to unfold on a time scale needed to reach the
next stage. Computationally, this corresponds to a greedy
search, which retains only the optimal conformations at
each node.

Each node represents a set of energetically equivalent
structures. In the HP model, the energy of a conformation
is determined by the number of non-local interactions, or
contacts, between hydrophobic residues. Two conformations
that have the same number of hydrophobic contacts are
therefore energetically equivalent. But two energetically
equivalent conformations are not physically equivalent if
the transition from one to the other requires one or more
hydrophobic contacts to be broken. In order to calculate
route-specific folding times (fifth section), we therefore con-
sider two conformations equivalent if they have the same
contact map, that is, the same set of hydrophobic contacts,
and label the nodes of folding route trees with these contact
maps. There can be multiple lowest-energy contact maps
for the same chain segment, corresponding to different
nodes (with the same energy, but belonging to different fold-
ing route trees).

Each node in a folding route tree can be characterized
as either a “growth” or an “assembly” event. A growth step
combines either two leaf nodes (unfolded parts of the
chain), or adds one leaf node to an internal node (partially
folded structure). In contrast, an assembly step combines
two internal nodes. In Figure 1, the second and third trees
show growth steps, whereas the last tree shows an assem-
bly step. The more assembly steps a route has, the flatter
its tree, and the more parallel its folding process. Figure 1
also shows that the state of the entire chain at different
stages during the folding process is given by a horizontal
treecut, a set of nodes whose segments span the entire
chain, but do not overlap.

For technical reasons explained below, we will assume
that all folding route trees are binary branching. Some
folding events, such as the zipping up of a hairpin may be
better described as a ternary tree. Our algorithm will in-
stead identify two distinct binarized versions of this tree.

PROTEIN FOLDING AS PARSING

Folding route trees describe the process by which a pro-
tein may find its native state. Trees are also commonly
used in linguistics, because the grammatical structures of
natural language are also recursive and hierarchical.?® In
order to understand and distinguish the meaning of sen-
tences such as We eat sushi with tuna and We eat sushi
with chopsticks, it is necessary to parse them, that is to
identify their correct syntactic structure. Figure 2 shows
the possible parse trees for both sentences. Each node rep-
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Correct parse tree

/VPH.NP
7 pp
NP P~ NP

Incorrect parse tree

VP
v e

v v Tnp P~ NP
eat sushi  with tuna eat sushi  with tuna
VP VP
S
'..I'P’/ \\-\pp / /NPHPP
v NP P~ T“np v NP P~ NP
eat sushi  with chopsticks eat sushi with chopsticks

Fig. 2. Parse trees show the grammatical structures of sentences.

resents a “constituent” of the sentence, and is labeled by
its corresponding syntactic category, for example, S (sen-
tence), NP (noun phrase), VP (verb phrase), or PP (prepo-
sitional phrase). As this example shows, the correct parse
depends on the words in the sentence, just as the primary
sequence of a protein determines its native structure.

Parsing is the computational task of identifying the cor-
rect syntactic structure of an input string according to a
grammar that defines the set of possible syntactic struc-
tures. Chart parsing algorithms such as CKY are dynamic
programming techniques that exploit the independence
assumptions implicit in the tree representation to search
all possible trees for the given sequence of words in an effi-
cient and systematic manner. Statistical parsers3®3! rely
on a probability model to rank competing analyses and to
prune away unlikely structures early on in order to speed
up the search process. In our adaptation of CKY to pro-
teins, the folding process is also guided by a greedy search
in which each step identifies those conformations whose
energies are locally optimal among all the possible confor-
mations it identifies for the same chain segment.

The HP Model

We illustrate our search method for protein folding using
the HP model.'*!3 In the HP model, proteins are short
chains having access to an ensemble of conformations on a
2-dimensional square lattice. Each HP sequence consists of
two kinds of monomers, hydrophobic (H) and polar (P), and
each monomer is represented as a single bead on a lattice
site. The energy of a conformation is determined by the con-
tacts between two H monomers i and j that are not adjacent
in the sequence. Contacts arise if the chain is in a configura-
tion such that monomers i and j are located on adjacent lat-
tice sites. Each HH-contact contributes —1 to the energy.
The energy E(c) of a conformation ¢ with n HH contacts is
therefore —n. We consider only sequences that have a sin-
gle lowest-energy conformation (native state), since these
are the most protein-like. All unique-folding sequences up
to a length of 25 monomers and their natives states are
known.?? In our experiments, we will concentrate on the
set of all unique-folding HP sequences of length 20, of which
there are 24,900. These 20-residue chains have 41,889,578
viable conformations on the 2D lattice.

The HP model has been commonly used to test protein
conformational search protocols. It is the model of choice
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here because (1) the full conformational space of a protein
molecule can be completely enumerated, so the native state
can be known with no assumption or approximation, (2)
the model has the same NP-complete search problem as in
real proteins,®®3* where the size of the search space grows
exponentially with chain length, and yet, for many sequen-
ces, there is only a single native structure, and (3) despite
its simplicity, it captures the physics of hydrophobic inter-
actions, steric excluded volume, and chain conformational
freedom that are key components of real protein folding.
Thus the HP model allows much more extensive and unam-
biguous testing of search strategies than other models.

Adapting CKY to the HP Model

CKY'!! js a dynamic programming algorithm that was
originally developed for context-free grammars.* Although
originally developed for the analysis of language, context-
free grammars are also used in bioinformatics, for exam-
ple, to model RNA hairpin structures.®® An introduction to
CKY that is geared towards bioinformaticists can be found
in the textbook of Durbin et al.?®

The main insight behind CKY is that parse trees can
be constructed recursively from smaller trees, and that
constituents such as the PPs (with tuna) in Figure 2 can
be stored in a so-called parse chart, and re-used in multi-
ple analyses of the same string. A parse chart is a table
in which the analyses of all substrings (sentence frag-
ments) are stored. If the input sentence contains n words,
the chart is an n X n array whose cells chart [i][j] contain
data structures that represent parse trees for substrings
from the ith to the jth word in the input string. Since the
rules of context-free grammars only specify the labels of
the parent and immediate child nodes, all nodes that
span the same string and have the same label can be con-
sidered equivalent. This insight is exploited in CKY,
where each item, or element in a cell, is a data structure
that specifies a node label and a list of pairs of back-
pointers to the child (edges) from which this node can be
obtained. Therefore, the cell that corresponds to eat sushi
with tuna contains one item, with label VP and two pairs
of backpointers {(VP, PP), (V, NP)} to the items in the cor-
responding cells. Although the number of possible trees is
exponential in the length of the string, the number of
items in any cell in a parse chart (and thus the number of
operations required to combine the items in two cells) is
bounded by the number of syntactic categories (node
labels) defined by the grammar. CKY’s complexity is
therefore polynomial (O(n®IG1) for a string of n tokens
(words) and a context-free grammar G with |G| rules).
When CKY is used with probabilistic context-free gram-
mars,>” where each rule is associated with a numerical
weight, greedy search strategies are typically used, so that

fCKY requires a grammar in so-called Chomsky Normal Form,
where all trees are binary branching. But since every context-free
grammar can be transformed (reversibly) into an equivalent gram-
mar in Chomsky Normal Form, CKY can be used with any context-
free grammar. For simplicity’s sake, we will assume that folding
routes are binary trees.
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Fig. 3. The CKY algorithm. 1: The sequence is split into n fragments.
The chart is an n X n table. The diagonal cells contain the structures of
the initial fragments. 2: The chart is filled by combining pairs of struc-
tures from adjacent fragments. Only the lowest energy-structures are
retained in each cell. 3: If folding is successful, the native state is in the
top right cell, and all folding route trees can be extracted by recursively
following the backpointers to the smaller structures.

in each cell only those structures with the highest scores
(Viterbi search) or with scores that are close to the highest
score (beam search) remain.

Here we adapt CKY to the HP model (Fig. 3). We also
use a greedy search strategy akin to Viterbi search, and
keep only the lowest-energy conformations for each sub-
string.” Instead of a predefined grammar with a fixed set
of categories, we use contact maps (sets of hydrophobic
contacts) as node labels. These contact maps describe sets
of equivalent conformations for the corresponding chain
segment. Like the constituent labels in a grammar, they
define pathway-independent state variables, which make
it possible to use an algorithm like CKY to systematically
explore all folding routes.

The chart

Since only HH contacts contribute to the energy of a
conformation, the full HP sequence of the whole protein is
split into n substrings that contain one H each. The chart
is a table of size n X n. Each cell chart[i][j] is associated
with the substring that begins with the first monomer of
the ith substring and ends in the last monomer of the jth
substring. Cells chart[il[i] along the main diagonal are
associated with the ith initial substring and correspond to
the leaf nodes of the folding routes, whereas the top cell
chart[1][n] is associated with the entire sequence (and
thus the root of all native folding route trees).

For more information on CKY as applied to natural language, the
interested reader is referred to the textbooks of Jurafsky and Mar-
tin®® and Manning and Schiitze.?®

‘Since the number of possible conformations is exponential in the
length of the chain, the worst case complexity of our algorithm is ex-
ponential. This is to be expected, since protein folding even in the
simplified HP model is known to be NP hard. More important for
practical purposes is the observed average case complexity, which we
examine below.
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Chart items

The items in our chart represent nodes in folding route
trees as well as their associated conformations. An item I
in cell chart[i]lj] is a tuple (i, j,C,C,Children). It corre-
sponds to the set of conformations C (for the substring of
chart[i][j]) that have all and only those HH contacts speci-
fied by the contact map C. I also represents all folding
route trees (for its substring) with root C. These trees are
not enumerated, but are stored implicitly in Children, a
set of pairs of backpointers (L,R) to items L in chart[i][k]
and R in chart[k + 1][j] (with i <k <j). If L represents a set
of [ trees with root L, and R represents a set of r trees with
root R, (L,R) identifies a set of [ X r trees with root node C,
left child node L and right child node R. Items in the diago-
nal cells chart[i][i] represent leaf nodes, and have no Chil-
dren. We will refer to the set of conformations represented
by all items in the same cell as the entries of that cell, and
define the size of a cell as its number of entries.

Instead of grouping conformations by their contact
maps, the items in each cell could also correspond to the
conformations themselves. This would not affect the
amount of search required to fill the chart, but would
make it more difficult to calculate folding rates or other
physically meaningful quantities.

Initializing the chart

The chart is initialized by filling the cells chart[i][i] that
correspond to the ith substring. Since each initial substring
has at most one H, these cells contain only one item whose
contact map is the empty set. The conformations of these
initial items are enumerated. We will refer to the set of con-
formations represented by all items in the same cell as the
entries of that cell, and define the size of a cell as the size of
its set of entries. The size of the initial cell chart[i][i] is thus
exponential in the length of its substring.

Filling the chart

The internal cells chart[i][j] are filled by combining the
entries of cells chart[illk] and chart[k + 1][j]. For A=1...n,
and fori = 1.. .n, each cell TARGET =chart[i][j] (withj =1 +
A) is filled by combining the items of all pairs of cells (LEFT,
RIGHT) = (chart[illI + k], chartlk + 1][j1) (for 0 <k < I+ A).
Two items L € LEFT and R € RIGHT are combined by com-
bining all their entries [ € L and r € R. The conformations /
and r are combined by appending all (rotational and transla-
tional) variants of r to any free site adjacent to the site of I's
last monomer. All resulting viable conformations ¢ whose
energy is identical to or lower than that of the current entries
in TARGET are entered into TARGET. Since we use a greedy
search strategy in which cells store only those items that cor-
respond to the lowest obtainable energy for their substring,
all current items in TARGET are deleted if ¢’s energy is lower
than that of the current entries in TARGET.** If there is no

**Less greedy beam search strategies are equally possible, and
may be more appropriate if more than two types of monomers (and a
corresponding, more complex, energy function) are considered.
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item in TARGET with ¢’s contact map C, a new item with
label C (and one entry, c) is created. Otherwise, ¢ is only
added to the item C if there is not already an entry in C that
is a (rotational or translational) variant of ¢. In order to keep
track of the folding route trees, a pair of backpointers to
(L,R)is also added to C’s Children. CKY terminates when
the top cell, chart[1][n], is filled. It has succeeded if the top
cell contains an item with only one conformation, the native
state.

The representation of folding routes

Like standard CKY, our algorithm represents folding
route trees in a “shared packed forest,” where each item
corresponds to a set of trees (or nodes). In standard CKY,
the trees themselves are the structures that we are inter-
ested in, but in our algorithm, they only represent a record
of the process by which chain conformations (the struc-
tures we are actually interested in) are formed. Because
each node corresponds to a set of conformations, node-
sharing is only possible if all nodes with the same contact
map label C for the same substring correspond to the same
set of conformations. Since a conformation c is only entered
into an item [ if it has exactly the HH contacts specified by
the item’s contact map C, I corresponds to only those con-
formations that have the HH contacts specified by C. If I
corresponds to an initial substring, its entries are enumer-
ated exhaustively.!! When two items L and R are com-
bined, all possible combinations of their entries are tried.
Thus, if L and R contain all conformations specified by
their contact maps L and R, all conformations that have at
least the contacts specified by L and R will be found (and
associated with their appropriate contact map).

Reducing the amount of search

As described above, the CKY method searches all possi-
ble folding route trees of the protein. This may include
routes where the first contacts are between monomers that
are far apart in the sequence. However, as demonstrated by
Fiebig and Dill,?® in the absence of sequence-local contacts,
the formation of such non-local contacts is highly unlikely.
The locality of a contact between monomers n and m is indi-
cated by its contact order® (CO), or the distance between n
and m along the backbone: CO = Im — nl. We therefore
restrict CKY’s search to folding routes where the first (ini-
tial) contacts have a contact order that is equal to, or lower
than, a given threshold A: if the conformations in both char-
tli1[k] and chart(k + 1]j]1 have no HH contact, they are only
combined if one of the H monomers in the span of chart[il[%]
can form an HH contact having a contact order <A with a
monomer to its right or if one of the H monomers in the
span of chart[k + 1][j] can form an HH contact with CO <A
with a monomer to its left. In the following, we vary A from
3 to 11. We find that these initial contact order (ICO)
restrictions greatly reduce the amount of search required,

TIf the first or last monomer is not sequence-final, there has to be
at least one free lattice site adjacent to it, in order to guarantee chain
connectivity.
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and yet rarely prevent the process from finding the single
globally optimal native conformation.

Search Efficiency and Prediction Accuracy

There is a general assumption in the literature that
hierarchic assembly of locally stable structures mini-
mizes the amount of search required. CKY, which imple-
ments precisely such an assembly process, allows us to
examine this assumption. CKY’s overall search strategy
is greedy, because it only retains the optimal conforma-
tions in each cell. However, in order to fill a cell, an ex-
haustive search of all the possible combinations of confor-
mations from prior cells is performed. While a more
informed search strategy may be preferable from an engi-
neering point of view, we are here interested in examining
the efficiency of such an exhaustive, hierarchical search.

To explore the search efficiency, let s, be the total num-
ber of conformations that CKY searches in all cells when
folding a particular HP sequence a (of length n). We
assume that the size of the search space S, is equal to the
number of possible conformations for sequences of length
n on the 2D lattice, S,,. S,, is exponential in n. Then the
relative amount of search is given by s./S.,, and the
speedup, or search reduction factor, in comparison with
exhaustive enumeration is given by r, = S./s,. We deter-
mine the “success” of CKY on a set of sequences as the per-
centage of those sequences for which CKY finds the native
state. Our simulations show that the CKY method is suc-
cessful, yet efficient (see Fig. 4), and therefore demon-
strate the viability of our proposed hierarchical search
strategy. This means that CKY generally finds the single
globally optimal conformation (known from prior exhaus-
tive enumeration) while searching only a small fraction of
the whole conformational space to reach it. The ICO
restrictions, which are similar in spirit to the hydrophobic
zipping model,®?® are particularly effective in reducing
the amount of search required.

Search Entropy and Energy Landscapes

We find that the total amount of search varies greatly
among sequences of the same length. What is the reason
for these differences?

Since our greedy search retains only the lowest energy
conformations in each cell of the parse chart, every cell cor-
responds to a specific energy level, and thus the parse chart
itself serves as a surrogate energy landscape (the “chart
landscape”), which maps substrings to their lowest kineti-
cally accessible energy levels. This energy level is 0 for the
cells along the main diagonal, which correspond to the ini-
tial chain segments, and equal to the energy of the native
state in the corner cell most distant from the main diagonal.

These chart landscapes (Fig. 5) show that the fast fold-
ers (i.e., those involving the quickest conformational
searches) have broad funnel-shaped landscapes, while
the slow folders have landscapes that are narrower and
more golf course-like.

This relationship between folding speeds and the shapes
of chart landscapes is readily understood. Any decision to
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Fig. 4. Accuracy and search speedup of CKY. Left: accuracy and
speedup on all unique-folding 20mers (24,900 sequences, S = 41,889,578
conformations). Right: average speedup for different lengths.

form a contact (even a wrong one!) reduces not only the
energy, but also the entropy (i.e. the number of conforma-
tions that remain) in the corresponding cell, and therefore
also reduces subsequent conformational searching. There-
fore, there is a sort of “leveraging” of the search: contacts
that are formed early reduce the overall amount of search
far more than contacts that are formed towards the end of
the folding process. When two partially folded segments are
combined, the lowest energy structures among the result-
ing conformations typically have an even lower energy (and
entropy), resulting in the observed funnel shape for the
sequences that require the least amount of search. Since
the bottleneck in our approach usually involves one or more
conformational search steps, it is also consistent with the
entropic transition state ensemble of Wallin and Chan.*°

Even though non-native contacts can reduce the search
entropy in the same way as native contacts, these chart
landscapes also indicate why low contact order-proteins
(e.g. a-helices) fold faster than proteins with a high native
contact order (e.g. B-sheets): contacts between the ith and
Jjth initial segment can only be found in conformations
that are in chartlillj] or in cells above it or to its right.
Therefore, non-local, high contact order contacts can only
be formed in cells that are distant from the main diagonal
and are filled relatively late during the search process,
whereas local, low contact order contacts are formed early
on when cells that are close to the main diagonal are being
filled, and lead to a funnel-shaped chart landscape. A pla-
teau on the chart landscape corresponds to a long segment
for which no contacts could be found. Proteins whose na-
tive state has many local contacts are unlikely to have
such a plateau on their chart landscape.

PHYSICAL PLAUSIBILITY AND IMPLICATIONS

Here, we show that our hierarchic search method re-
sembles the physical search process insofar as it predicts the
dependence of folding rates on the topology of the native
state and not on the composition of the primary sequence.
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Fig. 5. The shape of the chart landscape
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Fig. 6. Proteins have sequence-specific patterns of folding routes. The color of the cells in these parse
charts (a) indicates their posterior probability of being on a native route (black: P = 1, white: P = 0). This corre-
sponds to the ensemble-averaged folding routes shown in (b). A microscopic folding route tree is given in (c).

Distinct Macroscopic Pathways and
Foldons Emerge

Theoretical models often predict a multiplicity of micro-
scopic folding trajectories. But experimentalists frequently
observe simple, distinct macroscopic pathways that are
inconsistent with the diverse and heterogeneous folding
process that theorists seem to imply.

Our algorithm may be able to reconcile these two per-
spectives. CKY returns the set of all microscopic folding
route trees that lead directly to the native state without
forming (and subsequently breaking) any non-native con-
tacts. We find that all proteins may fold via a multitude of
different routes, just like most sentences of natural lan-
guage can have different syntactic analyses that achieve
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the same semantic interpretation.*! However, we also find
that typically only a small fraction of all possible routes
leads to the native state, and that when these microscopic
routes are ensemble-averaged, specific macroroutes em-
erge (Fig. 6). These sequence-specific patterns arise be-
cause, for many substrings, the lowest energy structures
that are found by our greedy search method contain non-
native contacts and cannot therefore correspond to nodes
of any native folding route tree.** Under the assumption

HWe note that we would not be able to observe this behavior in a
GO model, which assumes that all potential contacts are native. A
GO model approach would erroneously lead to the conclusion that all
routes lead to the native state.
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Fig. 7. Two structures with low (left) and high (right) accessibility.

that misfolded chains have to at least partially unfold
before reaching the native state, the entire population of
chains will eventually have to follow one of the native
routes identified by our algorithm.

Many proteins are known to form partial intermedi-
ates, or “foldons,”” which consist of contiguous chain seg-
ments that are in near-native conformations. We believe
that these foldons correspond to nodes of native folding
route trees with low entropy, and are therefore manifes-
tations of the hierarchical folding process.

Ensemble-averaged folding routes (projected onto CKY’s
parse chart) for three different HP sequences are shown in
Figure 6. All native routes start in the cells along the main
diagonal (which represent the leaf nodes of the folding
route trees, or the initial segments into which the HP
sequence was split), and, by definition, reach the top cell
(which represents the entire chain, its possible structures,
and the root node of all native folding route trees). In the
first /B structure, the hairpin can be formed in a number
of ways, and the a-helix can grow onto it in a number of
ways, but there is no native route where the hairpin and
the entire helix assemble. In the HP model, the later path-
way is excluded by our greedy search, because every sub-
string HPPHHPPH folds into two turns which fold onto
each other, as in the bottom of the 2-helix bundle. Therefore,
the 2-helix bundle can only grow from the middle to the top,
but it cannot be formed by assembly of two fully formed hel-
ices. The second «/B fold has 16,295 distinct routes, yet they
are all broadly similar: in all cases, the B-hairpin zips up,
and the third B-strand and helix grow onto it.

The Accessibility of the Native State

Folding rates are determined by the amount of entropic
search required, and by the likelihood of the chain to get
stuck in a kinetic trap, that is to misfold. We will now de-
velop a very simple model that aims to capture those two
factors. Kinetic traps arise if the chain forms any non-
native contacts. Since these contacts have to be broken,
such traps are separated from the native state by ener-
getic barriers. How likely is the unfolded chain to find the
native state directly, without encountering such traps or
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energetic barriers? We will refer to this probability as the
accessibility of the native state, A. The complement of A,
1 — A, indicates the probability of misfolding. Under the
simplifying assumption that all possible routes are equi-
probable, and excluding the possibility of pathways where
the temporary formation of a non-native contact is a pre-
requisite for a native contact, we obtain an estimate of A
from N, the number of direct folding route trees to the
native state returned by CKY.

In order to calculate A, we first observe that each folding
route is a binary tree whose nodes are labeled with contact
maps. The number of possible labeled trees is unknown.
However, the number of possible unlabeled binary trees
with n leaves is given by the Catalan number C:

C, = (2n)!/((n+ 1))

which is the number of possible binary bracketings of a
string of n + 1 words. Therefore, A = piree X Plabel 1S the
product of the probability of choosing a correct unlabeled
tree and the probability of choosing the correct contact
map labels for the nodes in this tree. pye. = NJ/C,_1
because each folding route returned by CKY corresponds
to a different unlabeled tree. Since all leaf nodes have the
same label, piape factors into the probabilities py, g, p that
for each pair of sister nodes L and R, the correct contact
map label for the parent P is chosen. Therefore, p1,p can
be calculated efficiently by CKY. It can also be defined
such that among possible parents with the same number
of HH contacts, those with high entropy (and thus lower
free energy) are preferred (Appendix C).

Figure 7 shows two 20mers that both have 10 H-mono-
mers, and thus 4862 possible folding routes. The structure
on the right has 2842 native routes and very high accessi-
bility (A = 0.41). In this sequence, all possible (i, i + 3)
and (i, i + 5) contacts are native, and only some (i, i + 7)
contacts ((2,9) and (13,20) are not. By contrast, the struc-
ture on the left has only 27 native routes, and thus very
low accessibility (A = 0.0001). Here, the segment 1-10 and
11-16 have to be assembled. Native routes can only differ
in the way in which the segment 1-10 is formed, and how
exactly the strand 17-20 grows onto 1-16.

DOI 10.1002/prot
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Fig. 8. The distribution of folding route times has different modes. Routes that require similar amounts of
search are more similar to each other than routes that require far more or far less amounts of search.

Route-specific Search Times

In order to predict folding rates, we also have to be able
to quantify the amount of entropic search required to find
the native state. CKY gives us a way to calculate “computa-
tional” search times ¢ for each individual route (Appendix
B). These times are based on the amount of search required
to combine pairs of sister nodes. They take into account the
fact that different branches of the same tree represent
simultaneous folding events. Each node N in a folding route
tree corresponds to a set of IN| conformations. The en-
tropy of a node, Sy = log (I N'1), is high if its chain segment
is long and the number of contacts in its contact map label
is small. Conversely, the node entropy is low if either the
chain segment is short or if the number of contacts is high.
If two individual conformations can be combined in up to K
different ways, and it takes one time step to explore one
such combination, it takes At ~ KILI|IR| = O(S;, + Sg)
time steps to combine two nodes L and R,*® and the parent
node P is formed at tp = max(¢z,tg) + At.

For every sequence, we obtain a distribution of folding
times (Fig. 8). In many cases, this distribution has multi-
ple modes. We can also visualize folding routes with simi-
lar folding times, and observe that routes with similar
folding times tend to be more similar to each other than
to routes with very different folding times. In Figure 8,
all the slow routes (with a folding time of 2600 time steps
or more) go through the same rate-limiting step where
the chain segments 2-9 (most of the initial B-hairpin) and
10-21 (the third B-strand and some of the a-helix) are
assembled, whereas in most of the fast routes, the third
B-strand as well as the a-helix grow onto the hairpin, and
the segment 10-21 is never formed. This is because the
amount of search required to combine two nodes L and R
(e.g. the native nodes spanning 2-9 and 10-21) depends
only on the node entropy of L and R, not on how L and R
are formed, or what happens in subsequent steps.

A Simple Model of Overall Folding Rates

We can use the mean of the route-specific search time
distribution, (t), and the accessibility of the native state,
A, to define a simple model of overall folding rates &£ =
A/ (¢t). This model ignores many details, but it captures two

$The actual factor K depends on the geometry of the individual
conformations.
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of the main factors that determine folding speed—the
amount of entropic search and the prevalence of energetic
barriers. Our analysis shows that, despite its simplicity,
this model predicts correctly that the folding rates
depend on the topology of the folded structure, and not on
the composition of the primary sequence.

The impact of sequence composition

First, we examine whether our predicted folding rates
depend on the sequence composition, as measured by the
number of H residues in the chain. Figure 9 shows that
H-content is strongly negatively correlated with accessibil-
ity (with a correlation coefficient of » = —0.67) and almost
equally strongly positively correlated (r = 0.63) with per-
route search rate. That is, an increase in H-content de-
creases native accessibility A, and thus increases the like-
lihood of misfolding. At the same time, it decreases the
search entropy along the native routes, resulting in higher
per-route folding rates 1/(¢). These two effects cancel each
other out, and the overall rate % is therefore independent
(r = 0.08) of H-content. This is consistent with experimen-
tal findings, which have failed to reveal a correlation
between sequence composition and folding rates in real pro-
teins. Our model suggests that in sequences with few hy-
drophobic residues, slow folding may be due to increased
entropic search, whereas in sequences with many hydro-
phobic residues, it may be caused by energetic barriers.

The impact of native topology

A remarkable observation by Plaxco et al.? is that the
logarithm of the folding rates of two-state proteins corre-
lates strongly (r = —0.81) with a topological property of
the protein’s native structure, the native contact order
CO. This quantity measures the average distance |j — il
(in the primary sequence) between all pairs of residues i
and j that form a contact (i, j) in the native state, includ-
ing contacts which make little or no contribution to the
energy (HP or PP contacts in the HP model). Proteins
with mostly local native contacts (e.g. a-helical proteins)
have a low CO, and fold faster than proteins with more
non-local contacts (e.g. B-sheet proteins), which have a
high CO. We find that our simple model of folding rates
predicts a qualitatively similar trend.

Figure 10 shows that our model also predicts a signifi-
cant correlation between native contact order and overall
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Fig. 9. The overall folding rate k is independent of the hydrophobic content of the HP sequence. The main graph shows the distribution of log(k) for
all 20mers (sorted by H-content), as a box plot. The boxes indicate the interquartile range IQR: Q3—-Q1 around the median (red). Data points beyond
1.54IQR are shown as outliers. The graphs on the left show the corresponding distributions of log(A) and log(1/#). [Color figure can be viewed in the
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Accessibility A as function of native CO

:pm 11111

L.:":I 1H M
L Ea‘ Or ] |,-_

Accessiilty A gy 0]
b &

[
-

[
@

HH

|
i H
|

I
B
T

]
o

Overall folding rate k as function of native CO

] 8
Nahve CG

Search rates 1/t as function of native CO

Folding rate k (log, )
&

Fosihhhhahhbtbll= 3 7
. ll![‘.:l‘”?‘?“ _al
. | i

1 | L 1 | 1 i 1 1
45 5 55 6 65 7 75 8 85 9 95 10105 11 11512

Native CO
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for all 20mers (sorted by native CO), as a box plot. The boxes indicate the interquartile range IQR: Q3-Q1 around the median (red). Data points
beyond 1.5-1QR are shown as outliers. The graphs on the left show the corresponding distributions of log(A) and log(1/(t)). [Color figure can be viewed

in the online issue, which is available at www.interscience.wiley.com.]

folding rates k (r = —0.49 at a P-value of P = 0.0000), even
though % has only a weak negative correlation with acces-
siblity A (r = —0.32) and with per-route folding rates 1/(¢)
(r = (0.19). However, these two effects combine to give a
much stronger overall correlation. In particular, all sequen-
ces with a low native CO have a high native accessibility
A, corresponding to few energetic barriers and thus a low
probability of misfolding. They also have very fast per-
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route folding rates 1/(¢), that is, low search entropy.
Sequences with a high native contact order, however, may
have a high probability of misfolding (low A, or many bar-
riers), and may also require a lot of search.

Figure 11 (left), shows that all sequences with low
native accessibility have high per-route folding rates,
whereas sequences with high native accessibility have a
wide range of folding rates. Figure 11 (right), indicates
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Fig. 12. The effect of single-point mutations.

that the relation between accessibility and per-route
search rates depends on the native contact order. All
sequences have a similar range of entropic search times,
but sequences with low contact order (in blue) have typi-
cally lower probabilities of misfolding (i.e. higher accessi-
bility). Low contact order sequences also tend to have
lower search entropy than high contact order sequences
with the same accessibility.

Single-point mutations can dramatically change
folding rates

Despite the good correlation of folding rates with aver-
age CO shown by Plaxco et al., there are also situations in
which two different proteins with the same chain fold can
have very different folding kinetics,*? sometimes with var-
iances of more than an order of magnitude. Our CKY me-
thod gives a similar result, allowing us to interpret that
variation. Figure 12 shows two different cases in which a
protein sequence has only a single H to P mutation, and
for which the wild-type and mutant sequences have ex-
actly the same native structure. Yet, CKY finds the native
state 5 times faster in one case and 25 times slower in the
other case. The mutation causes a change in the folding
rate by a factor of 2.59 in the low CO case, and by a factor
of 3.67 in the high CO case. In both cases, the additional
H monomer decreases accessibility, and decreases folding
times.

Since the native structures are identical in both pairs,
the CO cannot explain these differences. However, the ex-
planation is clear from the shapes of the chart landscapes:
in both cases, the slower-folder landscape is more golf
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course-like, and the faster-folder landscape is broader and
more funnel-like.

In the fast folding, low-CO sequence, all possible (i,
i + 3) HH contacts are native. Thus misfolding is likely to
occur only during later stages of folding. In the other low-
CO sequence, there are fewer possible non-native HH con-
tacts, but because the overall search entropy is higher, we
predict a slower folding rate. The fast folding sequence
among the low-CO proteins has a more funnel-like land-
scape than the slower folding sequence, but its native
state has very low accessibility, since a single nucleating
contact is required for this structure to zip up. In the
slower folding high-CO sequence, misfolding is far less
likely to occur, but the native routes are on average 354
times slower.

Kinetically Inaccessible Native States

Not all native states can be found by our greedy, hier-
archical search. As seen above, kinetic accessibility A gen-
erally decreases as the hydrophobic content of the sequence
increases. But sometimes a hydrophobic residue is neces-
sary to make the native state accessible. Figure 13 shows a
sequence for which CKY cannot find the native state if
monomer 18 is changed from H to P. In most structures for
which we cannot find the native state (and also in the
example given here), one of the ends is buried. At the chain
lengths we are currently dealing with, this typically re-
quires the other end to form a single strand that wraps
around the rest of the chain. Therefore, the native struc-
ture has to “grow” from the other end. This growth step
can only succeed if there are sufficiently many HH contacts
between this strand and the buried part.
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Fig. 13. Some native states are not accessible by our greedy, hier-
archical search.

CONCLUSIONS

Based on the assumption that protein folding is guided
by a hierarchical search for locally optimal structures, we
propose that folding routes have an underlying tree struc-
ture and that the folding process can be viewed as a hier-
archical, greedy search. Similar proposals have been made,
for example, by Crippen,* Rose and Lesk,?>® and Tsai and
Nussinov.2* This allows us to apply CKY, a dynamic pro-
gramming technique that is normally used to identify the
grammatical structure of natural language sentences, to
protein folding. By showing that CKY can predict the
native states of sequences in the two-dimensional HP lat-
tice model efficiently and accurately, we have provided evi-
dence that our proposed hierarchical search strategy is a
viable model of protein folding.

The main search methods of computational biology—
Monte Carlo and molecular dynamics—are serial, and fol-
low only a single trajectory at a time. We believe the CKY
method is more physical in capturing the parallel and en-
semble nature of the true folding process. CKY returns
all the direct folding routes to the native state. This
allows us to make predictions about macroscopic folding
behavior that are based on the underlying microscopic
processes. We find that distinct macroscopic pathways
emerge, even though every sequence has multiple micro-
scopic routes. We also predict that folding rates are differ-
ent for different amino acid sequences, consistent with
experiments showing that different proteins fold at differ-
ent rates. In particular, we have shown that our esti-
mated folding rates predict and provide an explanation
for the experimental observation of Plaxco et al. that the
topology of the folded structure determines the speed
with which proteins fold. We have illustrated the princi-
ple of CKY here using a simplified protein model, but
similar algorithms should also be applicable to other
types of lattice models and to off-lattice models. The main
ideas here—(1) the early stages involve many independ-
ent extensive searches of small parts of the chain having
only a few degrees of freedom, (2) the best of which are
then chosen and retained, (3) followed in later stages by
bringing those parts together—are readily implemented
in a wide range of types of models. If the full set of 20
amino-acid types (and a corresponding, more complex,
energy function) are used, it may be better to use a beam
search strategy which retains not only the lowest-energy
conformations in each cell, but all those conformations
whose energy lies within a certain threshold of the lowest
energy found for the cell. Hence this method may be use-
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ful both for protein structure prediction and also for a
better understanding of protein folding physics.

CKY has originally been developed for linguistic, not
for biological, purposes. Its applicability to protein folding
may therefore seem surprising, although connections be-
tween formal grammar theory and the structure of pro-
teins and RNAs have been made before (e.g., the pioneer-
ing work by Searls3®). Our work is slightly different from
this line of research, in that it does not try to capture bio-
logical structures with a grammar, but instead aims to
apply algorithmic ideas that were originally developed to
analyze language to model the folding process. Any given
sentence has a large number of possible interpretations,
just as any amino acid sequence has an astronomical num-
ber of possible spatial conformations. Parsing a sentence
is an exercise in global optimization, the goal of which is
to find the one correct meaning of the sentence. Protein
folding is also an exercise in global optimization, the goal
of which is to find the one native chain fold. In both cases,
it seems to be possible to exploit locally available informa-
tion with a greedy, hierarchical search strategy, which
starts with local, independent searches for small sub-
strings (to first determine which small phrases might
make sense, or to find partially stable peptide structures)
and then either (a) “grows” one substring into a larger
substring, or (b) “assembles” two substrings together into
a larger substring. In this way, early decisions are small,
local, parallel, and independent, while later decisions are
larger, less local, more serial, and dependent.
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APPENDIX A: OBTAINING THE
TREES—UNPACKING THE CHART

In order to obtain the actual folding route trees from
CKY’s compact representation, the chart has to be
“unpacked,” since each item X in the chart represents a
set of trees Tx with the same root label X. Although the
size of this set is exponential, many interesting proper-
ties can be computed in polynomial time. We first illus-
trate this by showing how to calculate the number of fold-
ing routes that lead from the substring i.. j to an item X
which spans i.. j, Ix = |Tx|. We will refer to this quan-
tity as the number of inside routes that lead to X. We are
also interested in the number of complete routes that go
through X and lead to the native state. This requires the
introduction of an additional quantity, Ox, the outside
routes, or the number of trees that lead to the native
state from an item X (see Fig. A1 for an illustration).

Inside Routes

Here we define the quantity Ix, the number of native
routes that lead from the substring i.. j spanned by X to
X, or the number of routes “inside” X.

Items X in the initial cells chart[i][i] represent one tree,
consisting of one (leaf) node. Therefore, Ix = 1. The num-
ber of trees represented by items X in cells chart[i][j] G #
J) can be obtained recursively from the pairs of back-
pointers (L,R) to items L in chart[il[k] and R in chart[k +
11[j1. If L corresponds to I, trees and R corresponds to Ir
trees, the pair of backpointers (L,R) from X to L and R
represents a set Tz gy of I I trees, since every pair of
trees in T, and T’k can form a distinct new tree with root
X, left child L and right child R. Each pair (L,R) repre-
sents a distinct set of trees, thus Ix = X g)l11R.

X has at most j-i pairs (L,R). For each pair of cells
chartlillk] and chartlk + 1][j], there can be at most one
pair of items L and R from which X can be formed,
because no contact in L or R can be broken and our prun-
ing strategy ensures that only conformations with the
highest number of contacts survive in each cell. There-
fore, the number of native routes in an n X n chart with
O(n?) cells can be calculated in O(n?®) time.

APPENDIX B: CALCULATING ROUTE-SPECIFIC
FOLDING TIMES
Folding Times as Search Times

We can calculate the search times along specific folding
routes. A node P with two children L. and R can only be
formed after both L. and R are formed. Therefore, if it
takes Atz g) time steps to combine conformations L and R
then ¢p, the time at which P is formed, is given by tP =
max(ty,tr) + At gry. Furthermore, all nodes L and R that
are associated with the same items L and R correspond to
the same set of conformations; therefore, Aty gy = At r)
for all trees represented by a pair of backpointers (L,R) in
any item I. Assuming that it takes one time step to try one
specific combination of two conformations, At ry equals

DOI 10.1002/prot
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Fig. A1. Inside and outside folding route trees.

the number of conformations that are searched when the
conformations in L and R are combined.

Computing Folding Time Distributions

The folding times distribution of the set of trees repre-
sented by an item I can be stored in two integer arrays
time and freq, where freqli] counts the number of trees
with folding time timeli] (Fig. B1). Assuming that timeli]
is ordered, the folding times distribution for a pair of
backpointers (L,R) can be calculated in O(L.freq.length()
+ R.freq.length()) time.

Computing Folding Routes in an Interval [£,,;,,tmax]

Each pair of backpointers (L,R) from an item I repre-
sents a set of trees that take Af; r) time steps to form
from L and R, but L and R themselves represent sets of
trees with different folding times. In order to obtain the
number of routes O;f=~'m= that go through an item I and

getFoldingTimes(/. L, R)

i k=0

lefiToialFreq = sumFreq(L.freq):

rightTotalFreq = sumFreq(R freq);

while 7 < L. freg.sizedef < R. freq.size

if L.time[i] = R.time[ ]

.I’(_’ﬁ'f"rrq b L.fn'{”r']:
lefiTotalFreq == lefiTotalFreqg —
rightFreq = rightTotalFreq;

lefiFreq

eTime := Lrimeli] 4+ Aty g
i=i+l;

else
rightFreq == R. freqlj];

rightTotalFreq := rvightTotalFreq — rightFreq;
lefiFreq = lefiToralFreg;,
itemTime = R.time[j] + Aty
Ji=j+1
eFreq = leftFreg = rightFreg;
f:'_l,f'h'qh(] 1= eFreq,
E.time[k] := eTime;
ki=k+1;

sumFreq(freqg)
fr=1M
for i := 0. freq.dength
fi=f+ fregli);
return [
Fig. B1. Calculating folding time distributions.
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reach the native state within the interval [f,in,tmax), W€
need to calculate I;+*2], the number of inside routes that
reach I within some interval [¢1, ¢5], and O%V%! the num-
ber of corresponding outside routes of I that reach the
native state N in the desired interval [¢min,tmax] if £1 < #1
<ty (Fig. B2).

The trees represented by (L,R) lie within [¢;. . .£5] if the
slower of L and R is formed within the interval [#]. . .£5],
where tll =1 — A t(L,R) and t’z =tg — At<L’R>. This is the
case if either 0 < ¢y <tjand ¢ <itp <thorif ] <ty <th
and 0 < tg < t5. Therefore, we have to recurse twice on
each the items L and R. In both cases, we need to know
the number of outside routes, O;'%* and Og%* in the
first case, and O1%%! and Og!® #' in the second case.

If O%) ig the number of I's outside routes that reach
the native state within the desired interval [£min. . fmax] if
the corresponding inside routes reach I within [¢;.. .¢5],
the outside routes Or([0...t5]) are given by Oi[t;...ts])
Ir([ty. . t5]).

APPENDIX C: CALCULATING THE
ACCESSIBILITY OF THE NATIVE STATE

CKY returns all native routes t;. Each folding route is
a labeled binary tree with n leaf nodes. We do not know
the number of possible labeled binary trees with n leaf
nodes; but the number of unlabeled binary trees with n
leaf nodes is given by the (n — 1)th Catalan number C,, _ 1,
which is defined as follows:

C, = (2n)!/((n + 1))

Since no contacts can be broken between a child node and
its parent, each native route corresponds to a different

countNativeFoldingRoutesInterval(r,,,, fuo.)
incriNativelntervaliN, 1, £yins by )-

incrNativelnterval(l, O}, ;. i2)
1. Increment the routes that go through I
Qrivteer = Qlnntem 1y, t3]) x O
2. Recurse on I's children
for (i =051 Ichildren.size(); i++)
(LR} = I.getChild(i);
incrNativelntervalChild( (L, R}.O}, 1y, 12):

incrNativeIntervalChild( (L, R).0}, t;. 12)
h=h—Atyp
ty =t — Aty gy
;01
o, =0
o, =ol"
incrNativ e[nterval{R. O, 11, 15);
incrNati\elmerml{L.C);_.U.r;];
041
O} = Oy
o = o*f,' 14l
incrNativelnterval(L, O} 1], 1)
incrNativelnterval(R, 0%, 0,15);

Fig. B2. Computing folding time intervals.
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Fig. D1. Distributions of H-content and native contact order (top) and accessibility, per-route folding rates and overall folding rates (bottom).

unlabeled tree. If Uy is the set of unlabeled trees that the
native routes correspond to, k¥ is equal to the probability
that one unlabeled tree v; out of Uy is chosen and that
subsequently this tree is labeled with the labels of the
corresponding native route:

k=Y P(label(v;) = ti|v;)/Cp 1

Every node U; in v; has to be labeled with the label of the
corresponding node N; in 1;. We assume that labels are
chosen iteratively, in a bottom-up fashion, that is, start-
ing with the leaf nodes. The leaf nodes of all trees have
the same label, the empty contact map, therefore,
P(label(U;) = label(N;)) =1 if U, is a leaf node

An internal node Uj can only be labeled like N; if its chil-
dren have been assigned the native labels. The probabil-
ity that two labeled nodes L and R are combined into one
labeled parent node N corresponds to the probability that
the substrings represented by L and R form the contacts
represented by the label of N, given that they have al-
ready formed the contacts specified by the labels L and
R, or, equivalently, it is the probability of the macrostate
defined by N’s contact map, given the macrostate defined
by the unified contact map of L and R. Our simple mea-
sure takes size, but not energy differences between mac-
rostates into account. Therefore, if there are ¢; conforma-
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tions represented by the ith contact map label N; that
can be obtained by combining L and R, we define the
probability that U; is labeled with N;’s label as follows:

P(label(U;) = N;|L,R) = ¢i/> ¢
=1

We assume that only locally optimal contact maps N; (cor-

responding to items which survive the pruning in their

cell) can be chosen. The number of conformations that

they correspond to is known, therefore, all that is

required to compute this probability is to keep track of

which contact maps N; can be obtained from L and R.
The probability that v; is assigned t,’s labels is

P(label(v;) = ;) =] P(label(U)) = N))

J:Uj is leaf

X [[P(abel(U;) = Nj|L, R)

J:U; is parent of LLR

APPENDIX D: AN ANALYSIS OF OUR DATA SET

Figure D1 shows the distribution of H content, native
contact order, accessibility, per-route rates and overall
folding rates for all unique-folding 20mers for which CKY
(with ICO = 11) finds a unique structure.
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