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We develop a statistical mechanical model for the thermal and volumetric properties of waterlike
fluids. Each water molecule is a two-dimensional disk with three hydrogen-bonding arms. Each
water interacts with neighboring waters through a van der Waals interaction and an
orientation-dependent hydrogen-bonding interaction. This model, which is largely analytical, is a
variant of the Truskett and Dill (TD) treatment of the “Mercedes-Benz” (MB) model. The present
model gives better predictions than TD for hydrogen-bond populations in liquid water by
distinguishing strong cooperative hydrogen bonds from weaker ones. We explore properties versus
temperature 7 and pressure p. We find that the volumetric and thermal properties follow the same
trends with 7 as real water and are in good general agreement with Monte Carlo simulations of MB
water, including the density anomaly, the minimum in the isothermal compressibility, and the
decreased number of hydrogen bonds for increasing temperature. The model reproduces that
pressure squeezes out water’s heat capacity and leads to a negative thermal expansion coefficient at
low temperatures. In terms of water structuring, the variance in hydrogen-bonding angles increases
with both T and p, while the variance in water density increases with 7 but decreases with p.
Hydrogen bonding is an energy storage mechanism that leads to water’s large heat capacity (for its
size) and to the fragility in its cagelike structures, which are easily melted by temperature and
pressure to a more van der Waals-like liquid state. © 2010 American Institute of Physics.

[doi:10.1063/1.3454193]

I. INTRODUCTION

We describe here a simple model of water’s volumetric
and thermal properties, including its anomalous behaviors.
On the one hand, there is a long and rich history of modeling
pure water, including Rontgen’s two-density model in 1897,
Pople’s 1951 model of the bending of hydrogen bonds in a
tetrahedral lattice,2 lattice and cluster models,3 13 treatments
of water’s unusual density behavior using double-well
spherically symmetric potentials,M*17 and treatments that be-
gin with water’s pair-correlation function or experimentally
measured moments of distribution functions in place of a
molecular potential.lg*20 In addition, there have been many
computer simulations®' % including those based on multi-
point classical force-field models such as simple point charge
(SPC) and transferable intermolecular potential (TIP),** or
polarizable versions of them,”>? or quantum-mechanical
treatments.>> > We will not review this large literature here
as this was done before.”*™*

On the other hand, despite this remarkable and extensive
body of work, water is not yet fully understood. Integral
equations and other methods of liquid state theory led to a
fairly detailed understanding of Lennard-Jones (LJ) liquids,
such as argon, which are governed by spherically symmetric
potentials, and of dipolar liquids, such as acetonitrile or ni-
troethane, which are governed by dipolar or Stockmayer po-
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tentials. Dipoles have relatively simple orientational
interactions.*! However, water is more difficult to model be-
cause its hydrogen-bonding arms, which are the source of
water’s orientation-dependent interactions, are coupled to
each other rigidly and sterically (i.e., in an approximation to
reduce the number of degrees of freedom of the model we
can say when a water molecule rotates, moving one
hydrogen-bonding arm, it rigidly moves all the other
hydrogen-bonding arms). This rigid internal orientational
coupling of interactions leads to complex angular effects that
are multibody and nonlocal (a water molecule connects with
other waters through networks, causing orientational correla-
tions out to third and more distant neighbors), and such ef-
fects have been notoriously hard to treat. Hence, it has been
challenging to develop analytical theories.**™** So, water is
often studied by computer simulations, but they are expen-
sive. Because of the large amount of computational sampling
required, it is challenging, using quantum-mechanical or
atomically detailed computer simulations,” ™ to explore wa-
ter’s entropies or heat capacities or effects of pressure or
water’s pressure-temperature phase diagram (see Refs. 45
and 48-50 for exceptions). Some of the models have, how-
ever, been extended to even heavy water with apparently
quite reasonable success.”!

Here, our aim is to develop a statistical mechanical
model: (1) that treats approximately the balance between LJ
interactions, on the one hand, and orientational hydrogen-
bonding interactions on the other hand, (2) that is sufficiently
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simple that we can obtain full entropies, heat capacities, and
thermal and volumetric properties and their variances with-
out sampling limitations, and (3) that is analytical so that it
can be studied without large computational resources. Our
model is intended to capture qualitative trends, not quantita-
tive detail. Because it is analytical, it may be useful in the
same way that the van der Waal (vdW) gas model gives basic
insights.

Our model is two dimensional (2D). It is a variant of the
so-called Mercedes-Benz (MB) model, so named because
each water is a disk with three hydrogen-bonding arms, re-
sembling the MB logo. The MB model, originally proposed
by Ben-Naim®>*® in 1971, has been studied extensively by
(N,p,T) Monte Carlo simulations®* ™’ and by integral equa-
tion methods®®° based on Wertheim’s theory for associating
fluids.®®%” The MB model of water was recently extended to
three dimensions (3D) by our group®™® and Dias e al.”’ In
particular, our treatment here is most directly descendant
from a treatment of Truskett and Dill,”" ™ who developed a
nearly analytical version of the MB model. The present work
differs from the Truskett and Dill (TD) model in that (1) the
present treatment is simpler, relying only on two-body terms
for the liquid state. (2) We treat ice as having higher multi-
body cooperativity, in a way that we believe is more realistic.
(3) We make here direct tests against the underlying MB
model, which has been studied by Monte Carlo simulations.
(4) Our study is now much broader, we also study the effects
of pressure and we compute the variances of hydrogen-bond
angles and packing densities; we find them to be in qualita-
tive agreement with earlier work of Henn and Kauzmann.”
(5) Our derivation is now simpler and more intuitive for the
full system partition function. (6) Also, we find that the new
model gives better predictions for the numbers of hydrogen
bonds versus temperature, more in line with experiments,
than the earlier TD treatment. The virtues of a 2D model are
that: (a) to the extent that it captures properties of real water,
it illuminates what details of structure and geometry are not
essential for explaining water physics, and (b) the water
structures that give rise to the physical properties are easier
to visualize. We believe that the present approach will be
readily generalizable to 3D to new MB model and to repro-
duce experimental water data.

Il. THEORY

We consider a system of N water molecules. For the
purpose of keeping track of the state of interaction of each
possible hydrogen-bonding arm of each water molecule, we
use as a bookkeeping tool an underlying ice lattice. For this
2D threefold symmetric water model, the underlying lattice
is hexagonal; see Fig. 1. Focus on a single water molecule in
the hexagon and the relationship of that water to its clock-
wise neighbor. Figure 2 shows the three possible relation-
ships: The test water either forms a hydrogen bond, it forms
a vdW contact, or it forms no interaction at all, either be-
cause the adjacent site is empty or because the adjacent water
is too distant from the test water. We aim to compute the
isothermal-isobaric statistical weights, Ay of the hydrogen-
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Test water Clockwise neighbor

FIG. 1. The lattice of the model showing both the hexagon of the icelike
structure and showing illustrating a pair interaction used for bookkeeping to
avoid triple counting.

bonded molecules, A;; of the vdW contacts, and A, of the
unbonded population as functions of temperature, pressure,
and interaction energies.

A. The hydrogen-bonded state

First, here is how we represent the hydrogen-bonded
state and its Boltzmann factor. We assume that if the test
water molecule points one of its three hydrogen-bonding
arms at an angle 6 to within /3 of the center of its clock-
wise neighbor water, it forms a hydrogen bond (see Fig. 2).
The energy of interaction of the test water with its clockwise
neighbor is

MHB(0)=_EHB_€LJ+kA‘62’ -m3<o< 7T/3, (1)

where eyp is an energy constant representing the maximal
strength of a hydrogen bond. € is the contact energy be-
tween neighboring waters (this component was handled dif-
ferently, and not included in this term, in the original model
of Truskett and Dill’""?), and kg is the angular spring con-
stant that describes the weakening of the hydrogen bond as it
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FIG. 2. The three model states: (1) hydrogen bonded, (2) vdW bonded, and
(3) nonbonded.
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becomes increasingly off angle. We regard this type of hy-
drogen bond as weak insofar as it is not cooperative with
neighboring hydrogen bonds. We consider a more coopera-
tive type of hydrogen bonding below. To compute the
isothermal-isobaric partition function, Ayg, of this hydrogen-
bonded state, we integrate this Boltzmann factor over all the
allowable angles and over all the allowable separations x and
y of the test molecule relative to its clockwise neighbor,

/3
Ayg =c(T)f f dxdyf de
—/3

Xexp(= (uyp + 2pvyp/3)/kgT), (2)

where ¢(T) is the 2D version of the kinetic energy contribu-
tion to the partition function, kp is Boltzmann’s constant, 7 is
temperature, p is the pressure, and vyg is volume per mol-
ecule (in this 2D model, it is actually an area, but we retain
the pressure-volume terminology for later comparisons with
experiments). The double integral [ [dxdy represents the vol-
ume over which the second molecule has translational free-
dom to form a hydrogen bond with the first water and is
equal to effective volume v?fB. This is calculated from origi-
nal MB potential.

Here is how we determine the volume vyg of the
hydrogen-bonded state. First, we estimate an upper bound on
the volume, from a simple geometric calculation. For the
perfect hexagon crystal, representing low-pressure ice, the
volume of the solid is

3\6”12-1B
V=T (3)

provided the center of the hexagon is unoccupied, as in our
current model, ryp is the distance of strongest hydrogen bond
same as in original MB model®® [we use Eq. (3) to get the
volume per molecule of ice; see below.] Second, since liquid
water is denser than ice, we estimate a lower bound on the
volume using high-pressure ice, where another MB water
occupies the center of each hexagonal cage,71

7.2
\3r
U= “)

Finally, since the density of liquid water must lie between
these limits, we estimate its volume as

_ \Erﬁva
UHB = 2 s (5)

where x,=1.1 is simply chosen empirically by fitting the
density dependence versus temperature. In this way, our lig-
uid water is 10% less dense than the maximally packed
structure.

Using these definitions and performing the integration in
Eq. (2) gives

+e;-2 /3
kgT

X \/kBTWerf< \/ksﬂ2 ) (6)
K, OkyT
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B. The vdW state

In the second possible state, the test water molecule
forms a vdW contact with its clockwise neighboring water,
but it forms no hydrogen bond. This type of water molecule
has energy

ULy=— €L (7)

where € ; is the same as described above. The isothermal-
isobaric partition function, A;; of this state is given by inte-
grating over angles and positions of the test particle relative
to its clockwise neighbor,

/3
ALJ:C(T)I J dxdyf do
—m/3

Xexp(= (upy+ 2pvyy/3)/kgT), (8)

where we take the volume occupied by the test water in this
state to be

—

r/_3J
o15\3\2

5 )

vy =
The integral [[dxdy represents the translation volume when
second molecule forms vdW contact with first and is equal to
effective volume v’} and oy is the vdW contact distance of
MB molecules (see original potential). Integrating gives

€Ly~ 2puLy/3 )

kT (10)

2
A= ?Trc(T)v;J exp(

C. The noninteracting state

In this third possible state, the test water has no interac-
tion with its clockwise neighbor, so the energy is

u,(6) =0. (11)

The isothermal-isobaric partition function for the noninter-
acting state is obtained by integrating over translational de-
grees of freedom,

/3
A, = c(T)f j dxdyf d6 exp(-2pv,/3kgT), (12)
—/3

where v, is volume available to the test molecule in this
state. Following Refs. 71 and 72, we compute v, using the
vdW gas approximation,

V,=—  +Uyy. (13)
Integrating over all the ways this state can occur gives
21 kgT -2pv,
A, = —c(T)Lexp<—p>. (14)
3 p 3kgT

These three expressions, Egs. (6), (10), and (14), give
the isobaric-isothermal ensemble Boltzmann weights of the
three possible states of each water molecule: hydrogen
bonded, vdW bonded, or nonbonded. Following Truskett and
Di11,71’72 we assume a mean-field attractive energy,75 —Nalv,
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FIG. 3. Temperature dependence of the molar volume at p*=0.19. Theory
(line) vs the Monte Carlo simulation of the MB model (Ref. 55) (symbols).

beyond pair interactions, where a is the vdW dispersion pa-
rameter (0.02, here) and v is the average molar volume,
which we get from Eq. (20) below.

lll. STATISTICAL MECHANICS OF THE MODEL

Now, once the energy parameters of the model are given,
the partition function for a full hexagon of six waters would
be given by

0, =(AHB+ALJ+A0)6a (15)

where subscript 1 indicates a single hexagon. However, we
treat hexagons here a little differently instead. We believe
that true ice cages in water’s solid states involve a higher
degree of hydrogen-bonding cooperativity than the hydrogen
bonding that is just formed pairwise among nearest neighbor
waters in the liquid state. So, for ice, throughout this paper,
the total partition function for each hexagon will be given by

0= (Apg+ A +A,)° — Al + AL, (16)

where d=exp(—pe,) is the Boltzmann factor for the cooper-
ativity energy e, that applies only when six water molecules
all collect together into a full hexagonal cage. The terms on
the right side of this expression simply replace the statistical
weight for each weakly hydrogen-bonded full hexagonal
cage with the statistical weight for a cooperative strongly
hydrogen-bonded hexagonal cage. A, is the Boltzmann factor
for a cooperative hexagonal cage. It differs from Ay only in
that the former uses the hexagonal cage volume per mol-
ecule, v, while the latter uses the liquid water hydrogen-
bonding volume per molecule, vyg. We use Eq. (16) for the
full range of temperatures; it reduces to Eq. (15) in the limit
of high temperatures when all cagelike structuring of water

FIG. 4. Temperature dependence of the isothermal compressibility; legend
otherwise as for Fig. 3.
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FIG. 5. Temperature dependence of the thermal expansion coefficient; leg-
end otherwise as for Fig. 3.

has disappeared. Now we combine the Boltzmann factors for
the individual water molecules to get the partition function Q
for the whole system of N particles,

0=0°, (17)

where the factor N/6 accounts for the three possible interac-
tion sites per water molecule, and corrects for double count-
ing the hydrogen bonds.

We compute the populations of the states i=1 (HB), 2
(LJ), 3 (0), and 4 (solid) using

dlog Q,
= 18
/ dlog A? (18)
The chemical potential is given by
kT
=——log Q. 19
p===log 0 (19)
The molar volume is
1% aM)
—— 2= = v, 20
vN<ﬁpTEf,v, (20)

and all the other thermodynamic properties below are ob-
tained as described prf:viously.7l’72

IV. RESULTS AND DISCUSSION

For all the model calculations below, we used the fol-
lowing parameters: egg=1, rgg=1, vdW: ¢ ;=0.1, 01;=0.7
[unchanged from TD (Refs. 71 and 72) and MB models>],
k=10, and €.=0.06. To get a sense for these numbers, a
typical hydrogen bond in the gas phase has a bond energy of
about 20 kJ/mol found experimentally. So the cooperativity
energy in our model is very small, 1% of that value, per mole
of hexagons, or about 0.2 kJ/mol per hydrogen bond. Small
changes in cooperativity energy do not affect results. We
present our results below in dimensionless units, normalized
to the strength of the optimal hydrogen bond ey and hydro-
gen bond separation ryg. (T*=kgT/|€yp|, u* =u/|€eyg|, V*
=V/rig, and p*=prip/|em]). We would also like to state
that potential between two molecule in simulations is not the
same as in theory due to approximations made. All distance
dependent parts are fit into effective volumes.

Figure 3 compares predictions of present theory for the
molar volume, V*/N of water, to NPT Monte Carlo
simulations® of the MB model with the same parameters.
The calculations were performed at a reduced pressure of
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FIG. 6. Temperature dependence of the heat capacity at constant pressure;
legend otherwise as for Fig. 3.

p*=0.19. The theory is in good general agreement with the
simulations, including the density maximum, although the
theory reproduces a density max that is slightly shifted (7*
=0.1825) relative to the simulations (7°=0.18). This may be
either because of approximations in the theory, or because
even though the theory is modeled roughly on the MB
model, the theory does not have exactly the same underlying
Hamiltonian, so it should not be expected to give exactly the
same results.

Figures 4—6 show the temperature dependences of the
isothermal compressibility, K;, the thermal expansion coeffi-
cient, «*, and the heat capacity, C;, respectively. We do not
show the properties of the ice phase or of the liquid-to-solid
phase transition here. Rather, we show the properties of the
model that aim to capture the liquid state, which becomes the
supercooled state at low temperatures. For these quantities
too, the theory generally reproduces well the Monte Carlo
results. However, while the Monte Carlo simulations of the
MB water show a minimum in the isothermal compressibil-
ity versus temperature, it is not as pronounced as in
expelriments.55 The present theory also reproduces a mini-
mum in x5 (Fig. 6), consistent with scattering experiments.76
At low temperatures, our present model shows a drop in C,
as the temperature is reduced, whereas the MB model does
not. We think that this is a consequence of the water-cage
cooperativity that we have included here, which was not in-
cluded in the MB model. Because we believe this small co-
operativity upon cage formation is real, we believe that this
shows a limitation of the original MB model, rather than of
the theory, in this case.

Figure 7 shows the fraction of hydrogen bonds that are
broken as a function of temperature. Results are shown for a
reduced pressure of p*=0.19. In the earlier TD model, the

0.8

0.6

x 04

0 I I
0.15 0.2 0.25 0.3
T

FIG. 7. Temperature dependence of the fraction x of hydrogen bonds that
are broken; legend otherwise as for Fig. 3.
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NHB

0.15 0.2 0.25 0.3

FIG. 8. Temperature dependence of the average number, nyg, of hydrogen
bonds (theory, line), compared to Monte Carlo MB simulations (Ref. 55) for
different cutoffs [the cutoffs are 0.5 (filled circles), 0.4 (empty circles), and
0.25(filled squares)].

fraction of hydrogen bonds made in the liquid state was con-
siderably lower than is seen in experiments. The present
theory gives much better agreement with both experiments
and with the Monte Carlo MB simulation results.”” Even so,
the agreement is not perfect. The theory still underpredicts
hydrogen bonding compared to the MB simulations. How-
ever, we believe this is for the trivial reason that the MB
simulations use a tighter definition for the range of angles
that define a hydrogen bond. Figure 8 shows a related quan-
tity, the average number of hydrogen bonds made per water
molecule versus temperature. We plotted computer simula-
tions for different cutoffs [the cutoffs are 0.5 (filled circles),
0.4 (empty circles), and 0.25 (filled squares)]. The present
theory overestimates the number of hydrogen bonds, more so
at higher temperatures. The shape of the curve is consistent
with results of Sastry42 and Franzese.”' In our theory we

015 02 025 03 035 04
(a) T

0.8

HB populations

FIG. 9. (a) Temperature dependence of the populations f; of the different
type of hydrogen bonds, at constant pressure, p*=0.19. The population of
strong hydrogen bonds (long dashed line), weak hydrogen bonds (solid
line), and no hydrogen bonds (short dashed line). (b) Experimental popula-
tions of OH states in liquid water vs temperature 7, (Ref. 71) along its
saturation curve, from IR spectroscopic data [adapted from Fig. 5 of Luck
(Ref. 78)]. Temperature here T, is reduced to critical temperature.
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FIG. 10. Temperature dependence of the molar volume (a), heat capacity (b), isothermal compressibility (c), and thermal expansion coefficient (d) at p*
=0.19: theory (solid line), LJ disks (long dashed line), and vdW 2D gas (dashed line).

have all molecules forming hydrogen bonds at low tempera-
tures while at high temperature there is almost no hydrogen
bond.

Figure 9(a) shows the model populations of the strong
hydrogen-bonding state, weak hydrogen-bonding state, and
the state of no hydrogen bonds versus temperature, indicat-
ing the melting out of strong hydrogen bonding with tem-
perature and the melting out of weak hydrogen-bonding in-

teractions at higher temperatures. Figure 9(b) shows

z
>
@
* o
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0 0.5 1 1.5 2
(b) p

corresponding experimental data for the populations of
strong and weak hydrogen bonds as measured from OH
stretching bands in IR spectroscopy by Luck.”® Luck identi-
fies three spectroscopic states: strongly cooperative hydrogen
bonded, weakly cooperative hydrogen bonded, and non-
bonded. We regard these three states as corresponding to the
three states in our theory. Qualitatively, the trends are the
same, but there is no quantitative agreement. Strong hydro-
gen bonds are prevalent in cold water and are important also
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FIG. 11. Pressure dependence of the molar volume (a), heat capacity (b), isothermal compressibility (c), and thermal expansion coefficient (d) at 7°=0.20;

theory (solid line), LJ disks (long dashed line), and vdW 2D gas (dashed line).
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FIG. 12. (a) Temperature dependence of variance of the hydrogen-bond
angle, (@) at constant pressure, p*=0.19. (b) Pressure dependence of the
() at constant temperature, 7*=0.20.

in case of solvation. Heating melts the strong HB structures
into structures that have a mixture of weak hydrogen bonds,
LJ interactions, and nonbonded structures at intermediate
temperatures. At higher temperatures, approaching the criti-
cal point, the weak hydrogen bonds break to form non-
bonded gas-phase states.

We are also interested in the pressure dependences of
various properties of model water. No studies have been per-
formed, as far as we know, of the pressure dependences of
properties in the MB model. Also, there are few experimental
studies on water of pressure dependences at fixed tempera-
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FIG. 13. (a) Temperature dependence of the variance of volume at constant
pressure, p*=0.19, and (b) at constant temperature, 7°=0.20 for the MB
model (solid line) and LJ disks (dashed line).
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ture of the volumetric and thermal prope.-rti<3s.79’80 So, Figs.
10 and 11 compare the temperature and pressure depen-
dences of the molar volume, isothermal compressibility, K;,
the thermal expansion coefficient, a*, and the heat capacity,
C;, from our water model to two models that are intended to
describe simpler liquids: the vdW equation for a 2D gas and
the present model with the hydrogen bonds turned off, to
mimic a LJ-like liquid. For the latter, we set uyg(6)=0°.

Two interesting results are shown in Fig. 11. First, rela-
tively small pressures appear to “melt out” much of the heat
capacity, presumably the most -cagelike low-density
hydrogen-bonding component. Second, the model predicts
that pressure drives water into a state of negative thermal
expansion, such as is found in a very narrow range of tem-
peratures in very cold liquid water at p=1 atm. These two
properties are likely related to each other. This is presumably
the state of water in which heating melts out hydrogen bond-
ing, driving the system to a denser state. Otherwise, pressure
affects water much like it affects vdW liquids. For example,
the adiabatic compressibility of liquid argon monotonically
decreases with pressure.81 The vdW model also shows some
increase of heat capacity with pressure at low pressures, then
decreasing, consistent with experiments on carbon dioxide
and argon between 323 and 423 K and at pressures up to 25
MPa.*

Figure 12 shows temperature and pressure dependences
of the second moment {#*) of the hydrogen-bond angles in
water. Increasing the temperature or pressure bends the
water-water hydrogen bonds, broadening the distribution of
angles as the system varies at low temperatures and pressures
from being highly water-cage-like to being more vdW-like.
The small exception is at low pressures, where increasing
pressure causes water to become more structured.

Figure 13 shows the variance of the volume in the water
model and LJ disks. Interestingly, these volumetric fluctua-
tions are predicted to be quite different in water than in sim-
pler fluids. Water’s volumetric fluctuations are small in cold
cagelike water and melted out at higher temperatures. Simi-
larly, pressure squeezes the fluctuating cages into a denser
vdW-like state that fluctuates less. The general trends in Figs.
12 and 13 are consistent with an earlier model of Henn and
Kauzmann.*

V. CONCLUSIONS

We described here a simple 2D model for the thermal
and volumetric properties of water. The model assumes three
macrostates for each water-water interaction: hydrogen
bonded, or vdW bonded, or nonbonded. Each macrostate is
an integral over corresponding microstates. The parameters
of the model include™ the energy of a perfect hydrogen
bond, ey, the spring constant k, for the angular variations of
a hydrogen bond, the energy of a non-H-bonded vdW contact
€y and distance of contact oy j, the diameter ryg of a water
molecule, the cooperativity energy €., mean-field attraction
energy constant a, and weak hydrogen-bond volume param-
eter x,. The model is nearly analytical. Its properties can be
computed as functions of (7,p,N) in seconds on a single
CPU. It shows how LJ attractions and repulsions are bal-
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anced against hydrogen-bonding interactions differently at
different temperatures and pressures. The theory reproduces
volumetric properties such as the temperature of maximum
density, the isothermal compressibility, the thermal expan-
sion coefficient, and water’s heat capacity in good agreement
with the underlying MB model, which was previously stud-
ied by NPT Monte Carlo simulations, and in qualitative
agreement with experimental trends. We find that applying
pressure to water should reduce waters heat capacity which
is consistent with works of Rebelo ef al.** and Kumar ez al.®
Pressure also causes a negative thermal expansion coefficient
at low temperature which is in agreement with experiments
(below 4 C); see, for example, Ref. 86. We find that in-
creased temperature increases the variance of H-bond angles
and water’s density. All these findings are consistent with
experiments (Fig. 6 in Ref. 87) and with simulations for
TIP4P water (Fig. 8 in Ref. 88). Increased pressure decreases
the variance in density of our model which is in agreement
with all the models cited above that show a decrease of
with pressure, for example, Rebelo et al® and Ref. 11 in
their list.
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