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The two-dimensional Mercedes-Benz �MB� model of water has been widely studied, both by Monte
Carlo simulations and by integral equation methods. Here, we study the three-dimensional �3D� MB
model. We treat water as spheres that interact through Lennard-Jones potentials and through a
tetrahedral Gaussian hydrogen bonding function. As the “right answer,” we perform
isothermal-isobaric Monte Carlo simulations on the 3D MB model for different pressures and
temperatures. The purpose of this work is to develop and test Wertheim’s Ornstein–Zernike integral
equation and thermodynamic perturbation theories. The two analytical approaches are orders of
magnitude more efficient than the Monte Carlo simulations. The ultimate goal is to find statistical
mechanical theories that can efficiently predict the properties of orientationally complex molecules,
such as water. Also, here, the 3D MB model simply serves as a useful workbench for testing such
analytical approaches. For hot water, the analytical theories give accurate agreement with the
computer simulations. For cold water, the agreement is not as good. Nevertheless, these approaches
are qualitatively consistent with energies, volumes, heat capacities, compressibilities, and thermal
expansion coefficients versus temperature and pressure. Such analytical approaches offer a
promising route to a better understanding of water and also the aqueous solvation. © 2009 American
Institute of Physics. �doi:10.1063/1.3259970�

I. INTRODUCTION

A goal of liquid-state theory has been to develop a sta-
tistical mechanical theory of water. There is a long history of
modeling water1–5 and both its pure state and in mixture with
various solutes.6–11 In general we can divide solvation mod-
els into two classes: explicit models, which treat water on
equal level as solute particles, and implicit ones, where water
is characterized merely by its dielectric constant. Explicit
models, such as transferable intermolecular potential
�TIP�,12–14 simple point charge �SPC� �Ref. 15� and others,
are presently computationally too expensive to obtain the
concentration dependence of thermodynamic quantities for
complex biological systems. On the other hand implicit mod-
els, coupled with the Poisson–Boltzmann approach, often
miss much of the physics of solvation and may lead to erro-
neous predictions. There are also a couple of theories with
treatments of water’s unusual density behavior using double-
well spherically symmetric potentials16,17

To improve solvation models, we need to better under-
stand pure water. Ideally, it would be preferable to have a
model of water that is both computationally fast and physi-
cally sound. Several simple two-dimensional �2D� and three
�3D� models have been proposed in Refs. 9 and 18–25.
These models do not require extensive computing yet they
yield reasonably good agreement with experimental data on
real water. One such model, in analogy with its 2D
predecessor21,26called 3D Mercedes-Benz model �3D MB�,

originally proposed by Ben-Naim in 1974,27 has recently
been examined by computer simulations.25 According to the
3D MB model, each water molecule is a Lennard-Jones �LJ�
sphere with four arms, oriented tetrahedrally to mimic hydro-
gen bonding. This model has been studied by Monte Carlo
�MC� computer simulations. However, there would be ben-
efit to having analytical theories, such as integral equations
or thermodynamic perturbation theories. In principle, they
are computationally much more efficient, and they express
more directly physical insights. In several contributions from
our group, Wertheim’s Ornstein–Zernike �WOZ� integral
equation theory28 and thermodynamic perturbation
approach28,29 were applied to simple models of water and
aqueous solutions.22,30–33 While traditional OZ approaches
have not been very good for systems with highly directional
forces and strong association, such as water, the WOZ ap-
proach promises to be much more successful. The integral
equation approach proposed by Wertheim is free of the con-
vergence problems that are often associated with the regular
OZ theory in the hypernetted-chain approximation.

Here, our goal is to test the thermodynamic perturbation
theory �TPT� of Wertheim28,29 and the corresponding WOZ
integral equation approach28 against MC simulations of the
3D MB model of Ref. 25.

While our paper was in review, Dias et al.34 published a
modified version of the 3D MB model, with different param-
eters to better reproduce the solid phase �ice� and the pair
distribution function. While doing this they have introduced
several new parameters �5�. In addition their interaction po-
tential depends on local environment.a�Electronic addresses: tomaz.urbic@fkkt.uni-lj.si and tomaz@urbic.com.
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II. MODELING WATER

In this model, each water molecule is represented as a LJ
particle having four arms oriented tetrahedrally. The angle
between neighboring arms in a molecule is 109.4° �see Fig.
1�. Figure 1 shows the molecules with their bonding arms
oriented in space. The intermolecular axis is denoted by uij�.
A hydrogen bond �HB� between two water molecules is
formed when the arm of one molecule is aligned with the
arm of an adjacent neighboring water molecule.

The interaction potential between two water molecules is
a sum of the LJ potential and the HB term,

U�X� i,X� j� = ULJ�rij� + UHB�X� i,X� j� , �1�

where rij is the distance between centers of particles i and j,
and X� i denotes the vector representing the coordinates and
the orientation of the ith particle. The LJ part of the potential
is

ULJ�rij� = 4�LJ���LJ

rij
�12

− ��LJ

rij
�6� , �2�

where �LJ and �LJ are the well depth and the contact param-
eter, respectively. The hydrogen bonding part of the interac-
tion potential is

UHB�X� i,X� j� = 	
k,l=1

4

UHB
kl �rij,�� i,�� j� , �3�

where �� i is the orientational vector of ith molecule and UHB
kl

describes the interaction between two HB arms of different
molecules,

UHB
kl �rij,�� i,�� j� = �HBG�rij − rHB�G�ik

�uij� − 1�G�jl�uij� + 1� .

�4�

uij� is the unit vector along rij� and ik
� is the unit vector repre-

senting the kth arm of the ith particle. In Eq. �4� G�x� is an
unnormalized Gaussian function, defined by

G�x� = e−x2/2�2
. �5�

The strongest HB occurs when an arm of one particle is
colinear with the arm of another particle pointed toward each
other. The model does not make a distinction between HB
donors and acceptors.

Apart from the dimensionality, we want to keep the 3D
MB model as similar as possible to the original 2D MB
model. Hence, the parameters of our 3D model are the same

as used in the 2D MB model calculations, with an exception
of the depth of the LJ potential well �LJ. This change was
made to maintain same ratio between strength of the LJ and
HB potentials due to the different geometries. In total there
are five parameters describing the water molecule. Here, we
use the values: �HB=−1, and �LJ= 1

35 
�HB
; the width of the
Gaussian function �=0.085 was chosen to be small enough
that a direct HB is more favorable than a bifurcated one. The
contact LJ distance �LJ is 0.7rHB, where rHB=1. These model
parameters were not chosen or optimized to compare with
experiments, and can undoubtedly be improved for those
purposes. Our goal here is simply to take a 3D waterlike
model having waterlike properties and test how well the sta-
tistical mechanical Wertheim theories agree with computer
simulations. All thermodynamic quantities will be reported
in reduced units normalized to the strength of the optimal
HB: T�=kBT / 
�HB
, Uex�=Uex / 
�HB
, V�=V /rHB

3 , and P�

= PrHB
3 / 
�HB
. Similarly, all the distances are scaled by the

length of the HB separation �rHB=1�.

III. COMPUTER SIMULATIONS

Our MC simulations were performed in the isothermal-
isobaric �NPT� ensemble. In simulation �for details see also
Ref. 25� periodic boundary conditions and the minimum im-
age convention were used to mimic an infinite system of
particles. Starting configurations were selected randomly ex-
cept for temperatures below T�=0.2 where we also started
from a diamond crystal lattice �cubic ice structure�. The dia-
mond crystal lattice was formed by the water molecules con-
sisting of two interpenetrating face-centered cubic Bravais
lattices, displaced along the body diagonal of the cubic cell
by one quarter the length of the diagonal. Euler angles for
first fcc lattice were set to �� /2,� /2,� /2� and for the sec-
ond fcc lattice �� /2,� /2,0�. If the results �fluid density,
energy� were found to be independent of the starting con-
figuration we take this as an indication of the liquid phase.
According to the simulations the liquid water exists above
T��0.13 at P�=0.12 and T��0.12 for P�=0.19.

For equilibration we used 105 moves per particle, which
was more than enough to stabilize reduced molar volume and
reduced internal energy. Statistics were sampled over the
next 106 moves per particle. To estimate numerical uncer-
tainties every simulation was divided into ten independent
blocks. All simulations were performed with N=500 water
molecules, with the exception when we started from crystal
lattice. There we used 512 particles. To hold the pressure
constant, an attempt was made to scale the dimensions of the
box after every pass �one pass was equal to N attempted
moves�. Mechanical properties, such as reduced excess inter-
nal energy, Uex�, and the reduced molar volume, Vn

�, are cal-
culated as the statistical averages of these quantities.35 The
reduced heat capacity Cp

�, reduced isothermal compressibility
��, and the reduced thermal expansion coefficient �� are
computed using fluctuation formulas,21 and therefore are as-
sociated with much larger uncertainties than simple averages
such as molar volume. The relevant formulas are given be-
low:

ii
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rij

2
3

4

j
1

j
2

uij

j
3i1

j
4

FIG. 1. Two molecules of 3D MB water �i and j�, separated by the distance
rij. Each molecule has four bonding vectors denoted by ik

� �or jl��; k, l=1, 2,
3, and 4.
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CP
� =

CP

kB
=

�H�2
 − �H�
2

NT�2 , �6�

�� =
�V�2
 − �V�
2

T��V�

, �7�

�� =
�V�H�
 − �V�
�H�


T�2�V�

. �8�

The calculations were performed in a range of the re-
duced temperatures between T�=0.10 and T�=0.5, but the
results presented here apply to the liquid phase only. In order
to discuss the effect of pressure on water properties, we
present a set of new results obtained for P�=0.19, while the
simulations for P�=0.12, published before,25 were refined
and extended to longer MC runs.

IV. ANALYTICAL APPROACHES

In this section we apply the first-order thermodynamic
perturbation28,29,18 theory and the integral equation
approach28,36,37 to the 3D MB model of water described in
Sec. II.

A. Thermodynamic perturbation theory

The main quantity in the TPT �Ref. 28� is the Helmholtz
free energy, A, of the system, which is in our case sum of the
LJ and HB contributions,

A

NkBT
=

ALJ

NkBT
+

AHB

NkBT
. �9�

N denotes the number of particles, T is the temperature, and
kB is the Boltzmann constant. The LJ contribution, ALJ, is
calculated using the Barker–Henderson approximation38 with
the hard-sphere fluid as a reference system,

ALJ

NkBT
=

AHS

NkBT
+

2��

kBT
�

�LJ

�

gHS�r,	�ULJ�r�r2dr . �10�

Here AHS is the hard-sphere contribution to the Helm-
holtz free energy, � is the number density of particles, and 	
the packing fraction defined by

	 =
��d3

6
. �11�

The diameter d of hard-spheres, composing the reference
system, is obtained from the integral,

d = �
0

�LJ �1 − exp�−
ULJ

kBT
��dr . �12�

To calculate the hard-sphere term of the Helmholtz free
energy, the Carnahan–Starling expression39 was integrated to
obtain the equation of state,

AHS

NkBT
= �

0

	 Z − 1

	
d	 , �13�

where Z is

Z =
1 + 	 + 	2 − 	3

�1 − 	�3 . �14�

Finally the pair distribution function of the hard-sphere
system, gHS�r ,	�, was approximated by the expression of
Gonzales et al.40

For the hydrogen bonding term of the Helmholtz free
energy,41 AHB, we use the expression originally derived by
Wertheim,28

AHB

NkBT
= 4�ln xi −

xi

2
+

1

2
� . �15�

In this equation xi is the fraction of molecules not
bonded at arm i, where i stands for A, B, C, or D. The
fraction xi is calculated with the help of the mass-action law
in the form

xi =
1

1 + 4�xi

. �16�

Finally 
 is defined by28,41


 = 4�� gLJ�r��fHB
r2dr , �17�

where �fHB
 is an orientationally averaged Mayer function
for the hydrogen bonding potential of one site. The pair dis-
tribution function for the LJ system of particles, gLJ�r�, is
obtained by solving the OZ integral equation in the Percus–
Yevick approximation.38 Once the Helmholtz free energy is
known, other thermodynamic quantities can easily be
calculated.38

B. Integral equation theory

The TPT does not give information about mutual corre-
lations of fluid particles. In order to compute quantities of
that type, it is necessary to use the integral equation theory.28

The latter is usually in better agreement with computer simu-
lations than the perturbation theory. In the present work we
use the orientationally averaged version of the WOZ integral
equation in the polymer Percus–Yevick �PPY� closure.28,36,37

In the orientationally averaged version of the WOZ integral
equation, the positions of bonding arms of molecule are not
fixed relative to each other, so the intramolecular angles be-
tween the arms can assume random values. Clearly, this is a
substantial simplifying assumption that is not made within
the MC simulations.25 A similar approximation is built into
the TPT, where the reference system with spherical symme-
try is used.41

The WOZ equation can be written in form

ĥ�k� = ĉ�k� + ĉ�k��ĥ�k� , �18�

where ĥ�k� and ĉ�k� are the matrices whose elements are the
Fourier transforms of the partial correlation functions hij�r�
and cij�r�, respectively. Furthermore, � is the matrix contain-
ing the partial densities; see Eq. �20� below. The indices i
and j denote the bonding states of the corresponding par-
ticles and assume the values 0, 1, 2, 3, and 4. In this study we
restrict ourselves to the so-called “ideal network” approxi-
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mation, which neglects all the partial correlation functions
with at least one of the indices i , j�2.22 By taking into ac-
count the equivalence of the bonding arms we have

ŵ�k� = �ŵ00�k� ŵ01�k�
ŵ10�k� ŵ11�k�

� , �19�

where w stands for either the h or c correlation function, and
� is the matrix containing the partial densities,

� = � � 4�

4� 12�
� . �20�

In order to solve the Eq. �18� an appropriate additional
�closure� relation between h and c correlation functions is
needed. In present study the PPY closure28 is used,

cij�r� = fLJ�r�yij�r� + �i1� j1�fHB�r�
y00xi
2eLJ�r� , �21�

where yij�r�= tij�r�+�0i�0j and tij�r�=hij�r�−cij�r�, xi is the
fraction of particles not bonded at one particular arm i,
fLJ�r�=eLJ�r�−1 and

eLJ = exp�−
ULJ

kBT
� .

As before �fHB�r�
 is the orientationally averaged Mayer
function for the hydrogen bonding potential and xi follows
from Eq. �16�. The total pair distribution function g�r� is
obtained by summing up the partial distribution functions,

g�r� = g00�r� + 4g01�r� + 4g10�r� + 16g11�r� , �22�

where gij�r�=hij�r�+�i0� j0.
Once partial pair distribution functions are known the

thermodynamic properties can be calculated. For example,
the excess internal energy, Uex, is calculated from the
expression42

Uex

NkBT
=

2��

kBT
�� g�r�ULJr

2dr + 16xi
2� g00�r�


�UHBfHB
r2dr� , �23�

where uHB=UHB
kl for any pair k and l. The pressure can be

obtained via the virial equation,43

P = �kBT −
2�

3
�2�� r3g�r�

dULJ

dr
dr + 16xi

2� g00�r�


� dUHB

dr
fHB�r3dr� . �24�

Other thermodynamic quantities, such as reduced iso-
thermal compressibility, �T

�, reduced thermal expansion coef-
ficient, ��, and reduced heat capacity at constant pressure,
CP

� , are obtained using the definitions, where CV
� is the re-

duced heat capacity at constant volume,

��T
��−1 = ��� �P�

��� �
T�

, �25�

�� = �T
�� �P�

�T��
��

, �26�

CP
� = CV

� +
��

���P� − ��2� �U�

��� �
T�
� . �27�

V. RESULTS AND DISCUSSION

Figure 2 shows the water radial distribution functions for
two different temperatures and pressures, in reduced units. In
general, the WOZ results are in good agreement with the MC
results, although at lower temperatures, the integral equation

0

0.4

0.8

1.2

1.6

2

0 1 2 3 4

g(
r)

r

(a)

WOZ
simulation 0

0.4

0.8

1.2

0 1 2 3 4

g(
r)

r

(b)

WOZ
simulation

0

0.4

0.8

1.2

1.6

2

0 1 2 3 4

g(
r)

r

(c)

WOZ
simulation 0

0.4

0.8

1.2

0 1 2 3 4

g(
r)

r

(d)

WOZ
simulation

FIG. 2. Radial distribution function g�r� at P�=0.12 for �a� T�=0.15 and �b�
T�=0.3; P�=0.19 for panels �c� T�=0.15 and �d� T�=0.3.
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FIG. 3. Reduced excess internal energy per particle as a function of the
reduced temperature. Panel �a� P*=0.12 and panel �b� P*=0.19. MC data
are represented by symbols, TPT calculation by dashed, and WOZ by con-
tinuous line.
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theory slightly overestimates the LJ part of the interaction.
The theory also predicts a second peak that is too low.

Figures 3–7 compare the energies, volumes, heat capaci-
ties, isothermal compressibilities, and thermal expansion co-
efficient versus temperature at two different pressures. All
the state points presented on the graphs apply to the liquid
phase. Figure 3 shows the reduced excess internal energy per
particle as a function of the reduced temperature. Because of
extensive hydrogen bonding of waters, the excess internal
energy is more negative at lower reduced temperatures. At
reduced temperatures below 0.2 the simulations were started
from the crystal �cubic ice� structures and also from some
previous liquid configuration using simulated annealing. If
the crystal structure melted and the results �fluid density, pair
distribution function� were found to be independent of the
starting configuration, we take this as an indication of the
liquid phase. In summary, for the range of temperatures
where our water is in liquid form �above T��0.13 for P�

=0.12 and T��0.12 for P�=0.19� the results of simulation
do not depend on the starting configuration. Since thermody-
namic perturbation and integral equation theories can only
predict the liquid phase behavior, we focus on the liquid part
of the phase diagram. As we see, both theories predict the
excess internal energy quite well, especially at higher tem-
peratures.

Figure 4 shows the reduced molar volume per particle as
a function of the reduced temperature. The computer simu-
lations successfully predict a minimum in the molar volume

with temperature, as is found in real water. That is, if water is
heated above its melting temperature, the molar volume first
decreases, and after passing the minimum increases as nor-
mal liquids do. In contrast to the MC results, the analytical
theories do not predict this minimum. However, at higher
temperatures, both TPT and WOZ lead to good agreement
with the computer simulations. An improved version of the
TPT has been proposed recently.32 This approach, when ap-
plied to the 2D MB model, successfully predicted the mini-
mum of the molar volume. That approach might succeed for
the 3D model too.

Next we present the temperature dependence for other
thermodynamic quantities of interest: �i� the reduced heat
capacity, CP

� , �ii� the reduced isothermal compressibility, �T
�,

and �iii� the reduced thermal expansion coefficient, ��. From
the MC simulations, these quantities are calculated using the
fluctuation formulas, hence, the uncertainties are consider-
ably larger than for simpler averages such as the excess in-
ternal energy.

The reduced heat capacity, defined as CP
� = ��H� /�T��P�,

reflects an extent to which HBs are broken upon heating.
Breaking HBs is an “energy storage” mechanism of water
that is not present in simple LJ fluids. Both theories �TPT
and WOZ� predict well CP

� at higher temperatures, but are
much less successful at low temperatures. As expected, the
predictions of the integral equation theory are superior to the
TPT approach.

The compressibility curves shown in Fig. 6 are corre-
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FIG. 4. Reduced molar volume per particle as a function of the reduced
temperature for �a� P*=0.12 and �b� P*=0.19. Labeling as above.
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FIG. 5. Reduced heat capacity as a function of the reduced temperature:
panel �a� P*=0.12 and panel �b� P*=0.19. Vertical bars indicate the uncer-
tainties in MC simulations. Other labeling as above.
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lated with fluid density. As the density increases, the mol-
ecules get more closely packed and the fluid is more difficult
to compress, so the compressibility decreases. The TPT and
WOZ theories follow the MC results for this quantity quite
well. As before, the integral equation theory yields better
agreement with the machine simulations than the current ver-
sion of the perturbation theory.

Figure 7 shows the reduced thermal expansion coeffi-
cient as a function of the temperature. Note that ��

=V�−1��V� /�T��P� is merely a derivative of the function
shown in Fig. 4. The model correctly predicts that the ther-
mal expansion coefficient is negative at low temperatures,
changing sign for the temperature where the molar volume of
the model water has its minimum. Negative values of expan-
sion coefficient are very small. The magnitude is the order of
10−1. For very low temperatures fluctuations give unsatisfac-
tory result. The main reason is in acceptance of trial moves,
which was only around 1% because of a dense system. The
TPT is in qualitative agreement with simulations, while the
WOZ integral equation follows the simulation results quite
well.

VI. CONCLUSIONS

Here, we study the 3D MB model of water. As our ref-
erence, we use �N , p ,T� MC simulations. We compare
against those simulations the results of two analytical theo-
ries, the TPT and WOZ integral equation theory. In the theo-
ries, the most substantial approximation is that the hydrogen

bonding arms orient freely with respect to each other in a
water molecule. Both analytical treatments are orders of
magnitude more efficient than the computer simulations. For
one state point at fixed temperature and pressure, computer
simulation runs about 104 times longer than needed for the
TPT or WOZ calculations. This means that these methods
can be efficiently generalized to study solutions, and even
mixtures with several solutes. The integral equation approach
provides more accurate results than the TPT. We find that the
analytical predictions are substantially better for hot water
�high temperatures� than for cold water.

The principal challenge in modeling the physics of water
comes from the orientation-dependent hydrogen bonding in-
teractions. The integral equation theory used here is based on
the orientationally averaged version of the OZ equation in
the PPY closure.28,36,37 The theory in its present form is not
able to predict the minimum in the molar volume found in
the simulations. We think that this deficiency is due to the
orientational averaging, which means that the intramolecular
angle between the arms can assume a random value. There
are two obvious directions for improvement: �i� to solve the
orientation-dependent OZ equation30 and/or �ii� to improve
the PPY closure taking into account the ringlike structures.
Notice that an orientational averaging is built in also in the
TPT, where the reference system has a spherical symmetry.
However, it has been previously shown for 2D MB water
that both TPT and WOZ can be improved: the former by
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FIG. 6. Reduced isothermal compressibility as a function of the reduced
temperature. Panel �a� P�=0.12 and panel �b� P�=0.19. Labeling as above.
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using the local densities in calculation32 and the latter by a
more sophisticated treatment of the orientational
correlations30 among the hydrogen bonding arms. We believe
those steps may ultimately also be valuable for the 3D model
and shall be considered next. As a result, a somewhat better
agreement between theories and machine simulations is ex-
pected in the domain of low temperatures.

One key conclusion here is that the 3D MB model of
water has many similarities with real water, including the
volumetric and thermal anomalies. Our second main conclu-
sion is that these analytical theories give good approxima-
tions to the properties of hot water, but they could benefit
from better treatment of the orientational correlations for
cold water. Another interesting conclusion of this study is
that the 2D MB and 3D MB models of water provide similar
insights. Based on previous results in 2D MB water, we also
believe that this 3D MB model should be useful for studying
the aqueous solvation of solutes. Current version of model
does not correctly predict pair distribution function and can-
not be used to study electrostatics and dielectric properties.
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