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Hydrophobicity in a simple model of water: Entropy penalty as a sum
of competing terms via full, angular expansion
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The entropy penalty of solvation for nonpolar solutes dominates the hydrophobic effect at room
temperature. We find that this entropy arises from a competition between a relatively localized
“two-body” term, and a contribution arising from non-pairwise-decomposable three-body and
higher-order terms. We use a full, angular dependent, expansion of solute—water correlation
functions over the full range of fluid temperatures for a two-dimensional model of water. This water
model has been shown to capture many of the basic anomalies of water and aqueous solutions of
sparingly soluble nonpolar molecules, including the volume anomalies of water and the thermal
anomalies of the hydrophobic effect. Our results show that for hot liquid water, the two-body
approximation is sufficient to estimate the transfer entropy, but in cold liquid water, which is the
main regime for biological hydrophobic interactions, the two-body assumption substantially
overestimates the degree of ordering in water. 2@1 American Institute of Physics.

[DOI: 10.1063/1.1355997

|. SIGNATURES OF HYDROPHOBICITY fore, higher-order terms must describe additicttiabrderin
the liquid, and the sum of the terms yields the correct, ob-
A signature of hydrophobic solvation at room tempera-served, thermodynamic entropy penalty.
ture is the large negative entropy associated with inserting a This paper is organized as follows. In Sec. Il we sum-
nonpolar solute into water. This entropy penalty, which hasmarize briefly the background for calculating entropy via
been ascribédto order induced by the solute in the sur- multiparticle correlation functions, and the explicit formulas
rounding solvent, leads to the low solubility of inert mol- used in this work for both pure water and the solution. In
ecules in water at room temperature. What is the nature dbec. Ill we describe the method by which a Fourier series
this solvation entropy? We introduce the hypothetist the ~ expansion can be used to greatly speed up the convergence
solvation entropy arises from the competition(@fj a two-  of the angular correlation functions, after briefly reviewing
body entropy, fairly local in nature, which highly orders the the model and computational procedures used. In Secs. IV
water surrounding a small, nonpolar solute, #&Ada three- and V, the results of our calculations for bulk water and a
and higher-body term, which cannot be decomposed intdlilute nonpolar solution, respectively, are preserft8dction
pairwise additive terms, which around room temperature and! summarizes our results, and in the appendixes we collect
colder causes major disorder in the solvent. the mathematical details fdA) the angular expansion we
Since the hydration thermodynamics, including the enemploy, andB) the entropy formula.
tropy, observed in real water ésoobserved for a small disk
solute in a simple, two-dimensional model of water, recentlyll. ENTROPY EXPANSIONS
studied by us;® called the Mercedes—BeriIB) model, we A The Kirkwood—Green expansion
have exploited the reduced dimensionality of the simple . , o . ,
model to test our hypothesis, and to calculate the magnitude For I|qylds with only pa|rW|se—an|t|ve m_tgractlons be-
tween particles, many thermodynamic quantities, such as the

and sign of certain terms in the full angular expansion of the ;
entropy. average potential energy and the pressure, may be calculated

We find that (the ensemble invariant analog)ofhe directly from the pair correlation functions. However, for

simple “gIng’ term greatly overestimateshe true entropy other important statistical quantities, such as the entropy and

penalty at the temperatures of interest. The two-body temf]ree energy, an analogous direct and exact calculation is not

overestimates the order induced in the model water. ThereD-.OSS'ble' Typ|cally, such quantities have been .callculated- In-
directly using the techniques of thermodynamic integration

and histogram-reweighting methods, but these methods re-
dpresent address: Computational Biology Centers, Academic Health Centeguire significant computer resources.
University of Minnesota, Mayo Mail Code 43, 420 Delaware St SE, Min- A direct method for calculating the entroggnd hence
neapolis, Minnesota 55455. . .
bAuthors to whom correspondence should be addressed. the free energyfrom the pair correlations alone has been
9Electronic mail: haymet@uh.edu explored for a variety of liquid&-**This method is based on
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truncation of an exact, but infinite-order, expansion for thestructural information only up to pair correlation functions,
entropy in terms of multiparticle correlation functions. Eventhey form a potentially useful approximation to the total en-
for systems having only pairwise-additive energies, the extropy. A subset of them is related to the HNC
pansion of the entropy in terms of multiparticle correlationapproximatiort* The fourth term contains the remaining
functions does not truncate at the pair level, but instead hagrms of the expansion, which are more difficult to calculate.
contributions from all order$>!® At present the calculation They are defined, for example, in Bushal?*
of multiparticle correlation functions is an extremely difficult Some applications of Eq$l)—(5) to aqueous systems
task, and recent work has focused on manipulating the erinitially used the canonicali.e., “ging’) formulas®®
tropy expansion in order to obtain the best possible estimatelowever, canonical formulas should not be used with corre-
of the entropy from the pair correlation functions aldfe. lation functions determined from simulatioffs2® due to

Building upon the work of Kirkwood, Green'® Nettle-  their nonlocal natufe(i.e., they would require unattainably
ton and Green® and Raveché® Hernandd®!°recast the large system sizes for reliable convergenddore recent
entropy expansion into a particularly useful form, via a par-publications use the correct formufaut somé® introduce
tial resummation of the higher-order terms. This expressiomadditional approximations, such as orientation/translation de-
has been generalized to a mixture of any numpenf com-  coupling. Application of these formulas to the problem of
ponents by Laircet al,?>?! and applied to electrolytes sys- hydrophobicity was made by Silverstéin’
tems by Laird and Haymét.

The resulting expansion may be written as the sum of

four terms: B. Entropy expansion for pure water
(n) . . .
SLg™ 1INk To adequately describe the correlations among particles
o of amolecularfluid such as water, we need to go beyond the
'dea'+s(2)+sr,ng+2 sm,x(l)[g(m) ms<i]. (1)  traditional c_enters-averaged-body correlation functions. _
Water contains a high degree of angular ordering, and this
The funcuonsg(m) (Ta.Tg, .. .) are them-particle (multi- information is lost in these orientationally averaged func-
component correiation functions of the liquid. In the en- t"()zr)‘s S'I?B)S'te correlation functiorie.g., g&4(r), g8i(r),
semble invariant forrf,the first term u(r), 956dr,s:t), . . .1 have been used extensively in the
B Ilterature However, even these functions do not contain a
deal © S % InpoA° ) full angular description. It is necessary to determine the dis-
STE2 = XaNPalka tributions of the relative orientations between molecules in

] ) o ) ) addition to their relative separation. The resulting full angu-
is the ideal gas contribution, wheeeis the species label,  |5r correlation function can be used to reconstruct all of the
is the de Broglie thermal wavelengtp, is the number den-  gjte_sjte functions; but the reverse is not possible. Different

sity of componenta, p=2j,_, p, is the total number den- anqgylar descriptions can be consistent with a single site—site
sity, andx,=p,/p is the mole fraction. The second term, qrelation functiors®

p u The entropy of a molecular liquid can be expressed in

s@)=_ > E 2 Xaxﬁf dr.g terms of these and higher-order angular correlation

a=1p=1 functions®! The exact expression for the general case of a
X[g(z)(raﬁ)ln 9(2)(fa3) g(z)(raﬂ)+l], 3) mixture of molecular components is

results from the usual second-order truncation of the entropy S _ gidealy o(2) 4 (3) ... ©6)
expansion, and contains the familiag In g” term. The next Nk

term is the so-called “ring” contribution, ) )
for N total particles at temperatuiieand volumeV, andk is

1 ~ ~ ~ the Boltzmann constant. The first term, which is analogous to
= 1T 20 1) — ,
Sring 2(27p)§Jdk[ln|I+H(k)|+2TrH (k) =TrH()], the ideal gas term for atomic species in Eg), but has
(4) additional angle-dependent variables, is derived in Appendix

wherel is the uX u identity matrix and B:

112 ”

R 0s=pa Nap(k) " ®) S0 14 3 K| o~ (pa0 AL A ), @
Hernando derived this term by extracting the leading contri- o«
bution (“ring” diagram) from each individual order of the where « is an index overu partic|e Speciesxa, Vyr Pas
expansion hierarchy, and summing these contributions to ing-, , Ao, andA, , are the mole fraction, number of degrees
finite order!®' The functlonhaﬁ(k) is the Fourier transform  of freedom number density, symmetry number, translational
of the total correlation functiom,g(r)=g,s(r)—1. When thermal wavelength, and rotational wavelength, respectively,
pair correlation functions obtained from the hypernettedof speciesa, andd is the spatial dimensionality. Since the
chain(HNC) approximation are inserted into this expansion,first term is an ideal-gas contribution, the two- and higher-
the sum of the first three terms is exactly equal to the wellbody correlations account for the excess order in the liquid.
known HNC entropy. Since the first three terms requireThe two-body term is of the form
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p & wherep=X%_, p, is the total number densit{} is the total
s =— 2072 > xaxﬁf drdo,dwg angular volume of integratior is another molecular species
«h v index, r is the center-of-mass interparticle separatian,
X[GAr,0a,05) NG04 0p) represents the Euler angles of speeieand_gfg(r,_w? L0 )
is the two-body angular correlation function. Similarly, the
~ gL 0, 0p) +1], (8)  three-body expression is

3
1+g(czﬂ)y(raﬁ1rﬂyarayawaawﬁywy)

2 I
p
= - —
s 3!v93a%y Xaxﬁxyfvajvdradl’lgdrydwadwﬁdwy
gfﬁ)v(raﬁ’rﬁﬂ/'rawwa (05, @)

XIn
g(azlg(raﬁ Wy !wﬁ)gg’}z(rﬁy vwﬁ va)g(az;(ray Wy lwy

3
)) _g(aﬁ)v(raﬁ’rﬁwrawwa’wﬁ"”7)

+ 3g&2ﬁ)(raﬁ Wy !wﬁ)gg}?(rﬁy g ,(1)7) - 39(;;3("(1,8 1 W vwﬁ) ’ (9)

wherev is a third index over molecular species. This term isof interest to hydrophobicity studies, as shown in the follow-
identically zero in the well-known Kirkwood superposition ing. This is the standard approximation in the liter-

approximation. ature?>3334which may fail at the critical point of the pure
solvent®® Further, the ordeinducedin the surrounding fluid
C. Entropy expansion for a solution that contributes to this term at low and moderate tempera-

tures would only accentuate the overestimate of the entropy

¥)enalty that we observe.

For the lowest temperature of this stuflyhere the ef-

s of system size are expected to be greptest have
generated the full water—water correlation function in the

d presence of a solute of various dilutions. This was achieved
by placing a single solute among 90, 120, 150, and 180 water
molecules in the appropriate volume at a water density of

AS* 0.9. A two-dimensional “cut” of the water—water correla-

An expansion can also be written to describe the entrop
of the solute-transfer proce$sUsing Egs.(6)—(10) for a
mixture of waters and solutes, the derivative with respect t?ect
solute numbefat constanfl, V, andNy,) is extrapolated to
infinite dilution. After subtracting the “liberation entropy,”
defined by Ben-Naimi? we obtain the Ben-Naim standar
state entropy:

=AsB A, (200 tion function, showf in Fig. 1, suggests that the water—
i water correlation function does not change with solute con-
where the two-body term is centration. We checked many other cuts of the function, and
2 Pw @) 1 (2 (2) _aII yielded the same conclusion. Hence, the partial (_Jlerivative
AsP=—G3 . drswdosdow[ggwIn gsw—gswt 1] in the second term of Eq11) appears to be approximately
Pw

ZQ v erwd(,UWld(l)v\/2

ag\(l\ZI%N - 2 =)

X ( " Ing{i|, (1D 8

S T T.V.Ny &

and the subscripté/ andS denote water and solute, respec- ‘?’,’

tively. The partial derivative in the second term is taken at f'

the limit of infinite dilution of the solute. In the case of an B
isotropic solute, the integration over the Euler angles of the

solute is omitted, and we are left only with the angular de-
grees of freedom of the waters. From this expression, it is
clear that only two terms contribute to the two-body transfer
entropy: one for the orientational and translational restricFIG. 1. A two-dimensional cut of the full, angular water—water correlation
tions of the waters about the solute, and a second term for tHenction for MB water in the presence of a single, fixed LJ solute. Four
_ P - ifferent simulations were run at a temperature just above the melting point,
water—water reorganization |_ndu_ced by the presence of th$*=o.16, with a water density of 0.9, and contained @@lic). 120
solute. We neglect the contrlbu'tlon of the S.econd term, pe(dasheai 150 (dotted, and 180(dot-dasheflwater molecules, respectively.
cause the water—water correlation function is essentially inThe agreement shown here is typical of all of the other hypersurface cuts

dependent of solute concentration at the low concentrationigvestigated. Definitions of the variables in the plot are given in Fig. 2.

Downloaded 29 Mar 2001 to 160.94.109.1. Redistribution subject to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



6306 J. Chem. Phys., Vol. 114, No. 14, 8 April 2001 Silverstein, Dill, and Haymet

zero throughout the range of the function. This agrees with the conclusions of LaZaridis.
The three-body term is comprised of two similar components:

Pw
As®)=— V3 Ldrwlwz drsw, drsw, dosdwy, doy,

(3)
gsww
X[ g§wIn| e~ | — 95wt 20t 9 (szv)vlg(szv)vz 2980 9%t 1
Gwwdsw, Isw,
3) 3 2) \ =
Jd3 o2 ((99€N3NW | oW ww 995 22~ 1 _gwwvv (12
3'VQS WwWEEW Ips TV.Ny g%ﬁwﬂ@vvgg\(ﬁiwg Ips TV.Ny Oww | |

This time, the first term describes the correlationpaifs of  expression with a single width parameter used to attenuate
water about the solute, and the second term represents watbe interaction. The same width parameter is used for both
reorganizations at the three-body level. As in Ehl), the separation and angle deviations.

superscripted infinity symbols indicate the partial derivatives  In total, there are five parametérghe LJ well-depth
are taken at the limit of infinite dilution of the solute. And as parameter is one-tenth afg, the minimum value of the
before, this term too is identically zero in the Kirkwood su- hydrogen bond function, and the LJ contact distance is 0.7 of
perposition approximation. ryg- The width in the Gaussian=0.085 was chosen to be
small enough that the dirett-bond contact is more favor-
able than a bifurcateld-bond. All energies and temperatures
are reported in reduced unitse., normalized by|eg|).
Likewise all distances are scaled byg .

To study the multiple-body correlations of a molecular ~ Monte Carlo simulations performed in this work were
liquid such as water, it is necessary to track not only thesimilar to those described earlier, but were carried out here in
intermolecular separations of particles, but their relative orithe canonical ensemble. Simulation boxes containing 60
entations as well. For two-body interactions of real watermolecules at two densitieghe ice densityp~0.7698 and
this would amount to accumulating a correlation functionp=0.9) have been studied using standard periodic boundary
that is a function of six variables in three dimensigose  conditions and the minimum image convention. Dilute non-
center-of-mass separation variable, and five Euler apglespolar solutions contained 60 water molecules and one LJ
We have not had the computational resources for this tasigolute (with the same well depth and contact parameters as
Instead, we use a simplified, two-dimensional model of wathe water moleculgsfixed at the center of the simulation
ter, the MB modef:*” which has recently been shown to box. Starting configurations at each temperature were se-
have the anomalous thermodynamic trends of water and tHected at random.
hydrophobic effect:® In d=2 there are only three variables The model has been shown WYPT Monte Carlo
(center-of-mass separation, and a single angular variable féimulations to have the correct qualitative temperature de-
each of the two moleculgsThis allows us to obtain well- pendence of a variety of pure water properties, including the
converged correlation functions that can be integrated accigxistence of a density anomaly and related negative thermal
rately. The convergence of these correlation functions can bexpansion coefficient at low temperature, a minimum in the
improved further by accumulating the angular statistics as &othermal compressibility, a large anomalous heat capacity,
Fourier seriegsee Sec. Il B. Coefficients as a function of
are accumulated as ensemble averages in the simulation in a
manner similar to that of Streett and Tildesfy.

IIl. MODEL AND COMPUTATIONAL DETAILS

A. MB model

Here we review the properties of the MB model of

water®>2937|n the model, water molecules are represented

as disks in two dimensions, with three arms arranged as ir

the Mercedes—Benz logo. Molecules interact pairwise

through a standard Lennard-Jongs)) term (two param-

eterg, and an explicit hydrogen-bond interaction between

arms of nearby molecules. There are no charges. The hydrc | |
gen bond has a defined optimal distangg=1 and optimal ! r !

angle for each molecule’s bonding afig=0) with the line FIG. 2. Two representative MB “water” molecules, separated by a distance

that joins their centerg¢see Fig. 2 DeVie}tionS from this 1. The angle ¢, that each molecule makes with the intermolecular axis is
lowest-energy hydrogen bond are described by a Gaussianown.

Downloaded 29 Mar 2001 to 160.94.109.1. Redistribution subject to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



J. Chem. Phys., Vol. 114, No. 14, 8 April 2001 Hydrophobicity in a simple model of water 6307

and spontaneous freezing to tthe 2 model analog of ice, a is only one angle, a much simpler Fourier cosine series ex-
low-density hexagonal crystal phase. Also, for the transfer opansion(which derived in a manner similar to the water—
nonpolar solutes, the MB model predicts the correct temperawater series in Appendix Amay be used in the solute—water
ture trends of the free energy, entropy, enthalpy, molar volease:
ume, and heat capacity.

g(sz\,)\;(r,¢)=% Cm(r)cogme¢), m=0,36.... (15

B. Fourier expansion of the angular correlation

function In this case, the coefficients are

In principle, the two-body angular correlation function 9(52\)\)(”1 m=0
for d=2, g{glr, b1, ¢2), can be accumulated in a simple c(r)=1 "~ 5 3 (16)
three-dimensional histogram. The histogram can then be ac- 2gsw(r){codme)) ;xr, mM=369...,

Curately integrated numerica"y, prOVided that the bin size iSNhereggv)\(r) is the Centers-averaged solute—water pair cor-

sufficiently small. We have gathered such histograms using gelation function, and the ensemble average is defined as
bin size forr and ¢ of 0.02 and 2°, respectively. Reasonable previously.

convergence is achieved in<110’ passeg1 pass=N Monte
Carlo steps, an®l is the number of moleculgs

It is far more efficient, however, to expand the angular )
correlation function in a Fourier series. Streett and Tildesley~- Calculation of the exact entropy
have shown, in the analogous case der3 using spherical The exact exces&s) entropy(i.e., the sum of all terms
harmonics, that the coefficients of the series may be accumueyond the ideal gas tejrhas been computed for bulk water
lated as a function ofr as ensemble averages in the using thermodynamic integration by two independent path-
simulation® Using this method for our system, excellent ways: (1) at constant density, from the given temperature to
convergence of the correlation functions is attained in feweinfinite temperature; and2) at constant temperature, from
than 5x 10° passes, or about one to two orders of magnitudezero density up to the desired density. In principle, only one
faster than the histogram method. Such an expansion woulgathway is necessary, but both were done to verify accuracy.
be crucial in the three-body case, since the three interparticle The entropy along the constamtpathway is obtained
distances will already comprise a three-dimensional histofrom the thermodynamic relation
gram.

In Appendix A, we show that the two-body water—water S_Xs: JWdT & (17)
angular correlation function can be expanded as the Fourier Nk Jro [ T [
series where T, is the temperature of interest, a@j is the heat
@) B o iMbr aimd capacity, which is also a function of the temperatdreThis
QWMr"ﬁl"bZ)_; ; c(my,my;r)etfremae2, procedure yields the excess entropy famy temperature
v aboveT, at that fixed density. In practice, simulations can
m;,m,=0,£3,%6, .. ., (13)  only be done at regular intervals up to some finite tempera-

wherei is the imaginary unitm, andm, are indices of the ture. To overcome this obstacle, we performed more than a

coefficients, and each of the coefficients themselves(,jozen simulatio_ns be_yondachosen temperature spanning six

c(m,,m,:r) is a function ofr. Only indices that are mul- orders of m_agnltude i, and fit the curve otC, /T_ vsT to

tiples of three contribute to the series due to thg®sym- &N expression of the for@, /T=(c/T)", wherec is a con-

metry of the MB water molecule. stant. We found that this procedure fits all of the points, to
The coefficients of this series may be determined as ¥/ithin the error bars.

product of angle- and-dependent terms which are accumu-  Along the constant pathway, the expression used by
lated as ensemble averages in the simulation: Hansen and Verl& may be used to obtain the free energy:

c(my,my;r)=g@r)(e Meremimaday (14 L f”O Bplp—1

nkT: 0 p ' (18)

The first term of the product is simply the centers-averaged
pair correlation function. The second term is the ensemblélere, p, is the density of interesp is the calculated pres-
average accumulated only over a shell abowf thickness sure at each density along the pathway, an@p/p is the
Ar. compressibility factor with8=1/kT. In practice, the com-
The expansion for the solute—water angular correlatiorpressibility factor is plotted as a function of density, and fit
function, g(sz\)\;(r,da) is simpler, since the solute is isotropic. to a fifth or sixth order polynomial, which is forced to have a
In this case, there is only one angular degree of freedfym, zeroth-order term of 1. In this manner, the above-mentioned
at the two-body level—that of the water molecule. Histo-integral can easily be performed analytically. The excess en-
grams of this function are slow to converge because there ateopy can then be obtained from the relationsh®y/nk
statistically fewer water molecules around the solute thar= BU/n— BF*%/n, whereU is the system energy at the given
there are water—water pairs. Again, in this case, a corredensity and temperature.
sponding Fourier series can greatly speed up convergence. For the case of the nonpolar solution, exact transfer en-
Since this function is always symmetric about 0°, and therdropies were computed using a fluctuation forniudarived
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FIG. 5. The real part of the coefficientsn,;, m,) of the Fourier series
estimate ob{2)(r,#1,¢,), as a function of : (a) 1: (0,0, 2: (0,3, 3:(0,6),
4:(0,9); (b) 5: (3,3, 6:(3,6), 7: (3,9, 8:(3,12.

directly at the other along the intermolecular afi®., ¢,
=0°). It is clear that the second water molecule has a pref-
erence to be one H-bonding unit away, pointing its arm to-
ward the first molecule. The large peak has been cut away in
order to better visualize the undulations marking the subse-
quent shells of water. In Fig.(B), the first molecule is fixed
at an angle of 30° relative to the intermolecular axis of a
given pair. This is the angle for an intervening molecule to
form a bridge with a second-shell water. In an ideal arrange-
g(r,02) ment, such a second-shell molecule would also have an angle
of 30° relative to the fixed molecule, as shown by the peak
maximum.

The Fourier series used to expand the correlation func-
tion converges after relatively few terms. In Fig. 4 we show
the progression of a part of the correlation functig(;ﬁ%,v(r
=1.04,=0°,¢,), as higher order terms are added to the
expansion. The zeroth-order term in E43) (i.e., m;,m,

FIG. 3. Two surface cuts of the full water—water angular correlation curve — 0) has no angular dependen@ee Fig. 4 The series rap-
Jwwl b1, 6,), where (@ ¢,=0° and (b) ¢,=30° for the phase point idly converges.
T*=0.20 andp=0.9. The minimal contribution of higher order terms is more
directly apparent in Fig. 5. Here, we show thelependence
of the real part of the coefficients themselves. The zeroth-
drder coefficient in Eq(14) is the water—water pair correla-
tion. Higher order coefficients make diminishing contribu-
tions (both in magnitude and radial extént
IV. RESULTS: ENTROPY OF BULK MODEL WATER The agreement is excellent between the direct histogram
The full two-body angular correlation function itself still and series determinations 9f{(r, ¢1,42). Because of the
comprises a four-dimensional plot, and hence cannot be vxpense of accumulating histograms, correlation functions at
sualized in its entirety. Thus we display “cuts” across the all other temperatures were obtained only from the Fourier
four-dimensional hypersurface. Two such cuts of the puréeries method. Two separate two-dimensional cuts of the
water distribution curveguw(r,®1,®,), are shown in Fig. function are plotted in Fig. 6, comparing the two methods.
3. Figure 3a) shows the distributions of a second water mol-Perhaps the most comprehensive measure of agreement is
ecule, when the first one is fixed to point one of its arms

from the Widom method. This is the same approach used b
Guillot and Guissaf**and u$ in earlier works.

~ e
T é T T T T ei_\l 6 {
(a) =} @ 3k / |
5 %0 5 . ks Qi“ |
q N g er 1
I 2} 3 E N [
= ) s b M
s 10} E 5 N
@ 0 0 . : A 0 /‘(‘\/ . .
oE f . ) : 60 -30 0 30 60 0 1 2 3 4
60 -30 0 30 60 = (deg) .
e (deg) 2(deg)
FIG. 6. Comparison of the Fourier serig®lid line) and histograntdashed
FIG. 4. Convergence of the Fourier series estimate g@b\(rzl.o,m line) estimates for two cuts uj\(,ﬂ,\,(r,@,(j;z): (a) as a function of¢, with
=0°,¢,): (a) inclusion of all coefficients up ten; ,m,=0 through=9 as r and ¢, fixed at 1.72 and 30°, respectiveljg) as a function of with ¢,
indicated by the labelgb) coefficients up tan; ,m,= +12 through+21. and ¢, both fixed at 30°.

Downloaded 29 Mar 2001 to 160.94.109.1. Redistribution subject to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



J. Chem. Phys., Vol. 114, No. 14, 8 April 2001 Hydrophobicity in a simple model of water 6309

5@

FIG. 7. Comparison of the Fourier serig®lid line) and histogranfdashed
line) estimates for the two-body entropy integral.

4760

_ : P : FIG. 9. The full solute—water angular correlation cuyg(r,¢) for the
the two bOdy entropy expansion of E@)' This mteQral IS phase poinfT* =0.20 andp=0.9. While the first shell water favors the

sensitive to all deviations from 1 in the correlation function. orientation that straddles the nonpolar solute, the second shell waters point
In Fig. 7 we show the integral as a function of the radius forhydrogen bonds radially inward to coordinate with the first-shell waters.
both the histogram- and Fourier-derived functions. From Fig.

7, we see thati) the integral converges at large and (ii)

the histogram and series are in excellent agreement over thé RESULTS: ENTROPY FOR A NONPOLAR SOLUTE

whole range of the correlation function. MOLECULE IN WATER

The exact values for thétotal) excess entropy, com- Figure 9 shows the full angular solute—water correlation
puted separately using a constanand constant thermo-  ¢rve g (r,4), for a solute with the same size and LJ
dynamic integration pathway were in excellent agreement,qiys as the water, but no angle-dependent contribution to
with each other. For the phase poifit, =0.20, p=0.7698,  jis interactions with other molecules. The first shell mol-

the two pathways yielded values 6f2.63 ?‘”272-64’ e~ ecules prefer to straddle the soliite., form a 60° angle as
spectively. Similarly, for the phase poinf*=0.20, p \ye noted earlief. Similarly, the peak at zero angle and a
=0.9, the two values obtained were2.78 and—2.82. distance of 1.8 shows that second-shell waters prefer to point

In Fig. 8 we compare the two-body entropy With the yheir arms toward the first-shell molecukesid hence toward
exact excess values for two densities over a range of tempg solute,

peratures. It is clear that f’:lt high temperatures, the two-body The Fourier cosine series used to expand this function
term accounts for essentially all of the excess entr@®  equires only three terms for convergence. In Fig. 10, we

viations are due probably to the finite size of the bins used iRpow ther dependence of the coefficients and the entropy
the numerical integration procedyrdhe two-body term is

likely to account for the entropy also in the supercritical

regime, and around the critical point, where the hydrogen

bond network disappeafs.But at lower temperatures, the

two-body approximation leads to a significamterestimate

of the true model entropyThe lowest temperatures shown —~
are just above the freezing point of MB water at these den- £
sities) This discrepancy at low temperature must be made up

by three- and higher-body terms. Note that the temperature
dependence predicted by the two-body expression deviates
significantly from the actual value.

S/nk

016 02 024 0.28 0.18 0.2 022 0.24 0.26

T* T

FIG. 8. Comparison of the two-body entropy tefdiamond$ and the exact

excess entropysolid line, computed by thermodynamic integrajidor the FIG. 10. Convergence of the Fourier series expansion for the solytpn:
pure liquid. Trends are shown as a function of reduced temperature for twthe coefficients h=0—9) as a function of; (b) the corresponding two-
densities:i(a) p=0.9, (b) p=0.7698. body entropy integral computed up to the order indicated by the labels.
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term is fortuitously in much better agreement with the exact
transfer entropy. This is shown in Fig. 12, where we have
plotted the two-body entropy integral computed from the
angular-averaged pair correlation functiags(r), along-
side the other two curves. This observation shows that the
surprising success of theories which have omitted all angular
information in predicting the thermodynamics of hydropho-
bic transfer&~*® arises from a cancellation of terms. It im-
plies that, throughout the temperature range, the entropy loss
attributed to the two-body angular terms almost exactly can-
cels the net disorder of the three- and higher-body terms.
Further investigations of these multibody terms will be nec-
essary to explain fully this remarkable observation.

In addition, we have tested two families of approxima-
integral, which is computed from the correlation functiontion for the pair term, which attempt to decouple transla-
truncated at each order. Since the zeroth-order term of Edqional and orientational components of the pair entropy of
(15) contains no angular information, the corresponding enhydrophobic hydration. In view of the above-mentioned re-
tropy integral corresponds simply to that which would besults, such an approximate decoupling would be of practical
obtained by integrating only the centers-averaged pair corresalue at the temperatures of interest if equally accurate and
lation function. Figure 1@) shows that the angular contri- simple approximations were found for the higher order
butions to the entropy are significant, approximately 50% ofterms, but unfortunately we know of none. In the approxi-
the final value. In Fig. 11 we compare the histogram ancdmation for the pair term, if it is assumed thaj) orientational
series estimates of the correlation function directly, and bycorrelations(relative to the soluteonly occur in the first
comparing the full entropy integral. Again, the agreement isshell of waters, and2) within a shell, water orientations
excellent, with the Fourier series yielding better convergechave a homogeneous distribution, then the transfer entropy
values. arising from solute—water correlations can be formally sepa-

Figure 12 shows the main result of this paper. We comrated into the following component&*

Fare the two-body entropy term with _the exact transfer en- A Al 4 A (19
ropy computed by the Widom fluctuation formula. Just as in approx approx

pure water, two-body entropy is an excellent predictor of theand

exact entropy at high temperatur@sit this is not true at low

temperatures Hence the difference between the two curvesAsgpme: —pmedf[gsMF)m gsw() —gsw(f)+1]. (20
is the three- and higher-body entropy from the above- 0

mentioned expansion. Thus at room temperature for thighe solute—water correlation function displayed here is

model, the entropy penalty of transfer is a result of both ayerely a function of the center of mass positions of the two
highly ordering two-body term and disordering three- andrespective particles, and,

higher-body terms.

Test of approximations to the entropy. To make contact Nw,sh
with the literature, we have tested a number of cruder ap-ASapprox: _SEn QO
proximations to the solute entropy. If all of the angular in- . o
formation is omitted, the approximation to the two-body WhereNw, sy andpg,(ww) are simply the coordination num-
ber and the orientational probability distributions, respec-
tively, of the waters in theéth shell. The orientational prob-
abilities are all normalized such thitwy, p(ww) =Q.

Figure 13 shows that at all temperatures the ‘“single
+ shell” approximatioR® does not recover the calculated en-
tropy, but a new, extended version of this approximation
+ which the orientations of waters in three shells, rather than
simply the first one are includedeproduces the full two-
body angular entropy. More importantly, it is apparent in

=0.76,0)
n w H
:
.
5@

O (F

0 20 40 60 0 1 2 3 4
¢ (deg) r

FIG. 11. Comparison of the Fourier seriésolid line) and histogram
(dashed lingestimates fog@)(r,¢): (a) a cut of the correlation function as
a function of ¢ with r fixed at 0.76;(b) the solute—water two-body entropy
integral.

dowl Psy, (@w)INPpsy(ow)], (21)

0.16

0.2

0.24
T

0.28

Fig. 13b) that the orientational degrees of freedom of the
water are far more temperature sensitive than the correspond-
ing translational distributions.

FIG. 12. Comparison of the two-body transfer entrdgy and the corre-
sponding exact valu¢<®, computed using the Widom particle insertion
method at p=0.9. The two-body entropy term which would arise from the VI. CONCLUSIONS

proper integration of thengle-averagegair correlation functiongs(r), i ; i
is also shown(dotted ling. Trends are shown as a function of reduced We have used a multiparticle expansion of the entropy to

temperature for the transfer of a simple inert Lennard-Jones solute with thEESt Our hyp(_)thGSiS that the e_n_tmpy of 50|Vati9n is the sum of
same size as the solvent. two competing terms, explicitly by calculating two-body
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AS, /nk

APPENDIX A: FOURIER SERIES EXPANSION OF THE
ANGULAR CORRELATION FUNCTION

AS, /nk

il In this Appendix, we derive the formulas used in this
3L | work to express the water—water angular correlation function
in terms of a Fourier series expansion. Additionally, some
4 L ) . s details that simplify the implementation are also discussed.
01 02 024 028 We accumulate the coefficients of this series as ensemble
T averages in a manner similar to that used by Streett and

Tildesley® for the analogous case using spherical harmonics
FIG. 13. Translational and orientational contributions to the entropy ofin three dimensions.
transfer atp=0.9: (a8 Comparison ofAs® (solid line) with As"+As® as
described in textdotted line: orientations in the first shell included; dashed 1. Derivation
line: orientations in the first three shells inclugletb) temperature depen-
dence ofAst . (solid ling) andAs2 .. first shell(dotted ling, first three We begin by assuming that the water—water angular pair

approx approx’ ) . . .
shells(dashed ling correlation function,g{@)(r,$1,¢,), (which is a smooth,
continuous function of$; and ¢, at any givenr) can be

expressed as a product of Fourier series of the form:

contribution for MB water, and a dilute hydrophobic solu-

tion. To do this, we calculate full angle-dependent pair cor- e

relation functions. g@r 1. d)=> > c(my,my;r)eMdigimads,
We have determined that the two-body term overesti- M Mg= = (AD)

mates the exact entropy at low temperatures for both the pure

liquid and for simple nonpolar solute transfers. At high tem-The complex coefficients of this series{m,,m,;r) are a

peratures, the agreement is remarkably good. Surprisingly, function ofr, and have two integral indices); andm,. The

all angular information is discarded, the corresponding two-angles,¢; and ¢, have the rangg0,27) and corresporfd to

body term is in reasonable agreement with the exact transfehose in Fig. 2.

entropy values at all temperatures studied. Now we have the task of obtaining expressions for the
We have tested candidate approximatfdis which the  coefficients. We begin by multiplying both sides by the com-

translational and orientation components of the transfer erplex conjugate and integrating over all angular space to ob-

tropy for simple solutes are assumed to be independentain

When the orientations of only a single shell are included,

their approximation underestimates the two-body entropy

term at low temperature. This underestimate, combined wit

the overestimate of the full two-body term, with respect to oo

the total excess entropy, leads to a fortuitous cancellation -3 S e(mumyin)

27 (27 oy .
0 fo dep1dogGUfr, b1, pp)e Mb1e™M2?2

between two unrelated errors as suggested by Setigh?* My My —co

However, if the shell method is extended to multiple shells, , ,

then the agreement_ of the decoupling approximation with the > f ﬂd(ﬁlefimid)leiml(/)lf Wd¢2efimé¢2€im2</>2,
full two-body term is reasonably good. Hence, under these 0 0

conditions, the approximation appears to be a valid means to
avoid calculating the full angular correlation function at the
two-body level. In order to be of practical value, similar wherem; andmj are arbitrary coefficients. Exchanging the
approximations of comparable accuracy will need to beright- and left-hand sides of the equation, and applying the
made for the other terms that contribute to the full entropy.orthogonality property

(A2)

27
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1 27 (27 g(zs,\,(r,d) ,d))
c(ml,mz;r>=mfo fo dg: deb, gy memE

+
. ) — . iMq ¢y aiModpaimy 27/3
X(r’¢1,¢2)e—|m1¢le—|m2¢2 (A4) E ml,nngoc c(ml,mz,r)e e e .

after the sums oven; andm, have been performed, and the (A11)
dummy prime variables have been relabeled. But(Bq) is Since this expansion must be equivalent to the original ex-

not very practical, since the determination of the coefficient ression of Eq(A1), the coefficients must be zero whenever
requires the computation of the angular correlation functio:Fhe last term is not’ 1i.e., whenevem, is not a multiple of
. .y 1

Lo : . . |
itself—the very quantity we are trying to approximate! 3). Hence the coefficients are only nonzero fog=0,+ 3,

So we use the definition, following Streett and Tildesley, - " 2)
for the ensemble average of some quan¥fr,, ¢, ,), in a ;6&2'%,\'/(} -¢> S(;m;_l:;rqlz/,s) trr;e uirggn':jr:gtomn :gg"ﬂ"f’(ei ’f’é’%)
given shell of infinitesimal thickness about asg\\//vvell L2 q 27T S
J§7I57db1dpy X(r 1,2 121,41, ¢5) The requirement that the correlation function be real can
X = .
(X)r+ar 1271270y d sy (D1 b1 bg) be ex;:ressed as 2
(A5) O, b1, b2) =G (1, b1, o), (A12)
Here where the asterisk denotes the complex conjugate. Substitut-
202 ing the Fourier expansion for both sides, we have
O 1,b2)= "7 9T . b1, 62) (A6) 4 -
> c(mg,my;r)eMiigimzez
is the two-particle distribution function, ang, o, and My ,My=—o
Efé"d¢=27r refer to the water density, symmetry number +oo
(3 for MB watep, and total volume of integration, respec- =D > c*(my,myr)e MdigTimds  (A13)
tively. In particular, since EqA4) gives My, My=—2
c(0 O'r)=g(v§)mxr) After multiplying both sides by the complex conjugate of an

arbitrary rank, integrating over all angular space, using the

orthogonality property of EqA3), and performing the sums

1 27 (2w
- (2)
- 0° fo 0 d1 ddba Gl b1, ¢2), (A7) overm; andm,, we obtain

it follows from Egs.(A5) and(A6) that c(my,my;r)=c*(—my,—my;r). (Al14)
or (om Equation(A14) allows us to reexpress the series expansion
fo fo depy Aoy X(r, by, h2) QT b1, o) the form:
+ o0
= 472G ar - (A8) 0T b1.¢2)=2 i ; . [c(my,my;r)eMeigMadz
1.M2=

Finally, using Eq.(A4) to interpret the product of Fourier

. : X * ‘r)e " IMid1g=imadb;
terms as the quantit, we obtain a useful equation for the et (my,my;rje €

coefficients: +c(my,—my;r)eMbig=imad2
c(my,my;r)=gigh(r)(e Mg~ iMaday . (A9) +c*(my,—my;r)e Mdieime2]  (A15)
2. Simplifications for implementation The advantage of this form, which we use in practice, is that

. . . . . . only the positive—positive and positive—negative coefficients
The Fourier series expansion derived in the previous sec- y P P P 9

tion may be simplified by exploiting additional properties of need to be determined from simulations. The remaining co-
the angular correlation function. The first of these simplifi-GﬁcICIents can then simply be obtained by taking the appro-

cations uses thes3 symmetry of the MB molecule to ob- priate complex conjugates, hence reducing the direct compu-

tain a condition on the indice®; andm, which eliminates tational requirements by half.

2/3 of the needed coefficients. The second makes use of the

fact that the correlation function is always real, and results iAPPENDIX B: DERIVATION OF THE IDEAL-GAS
a further 50% reduction in the number of coefficients thatENTROPY TERM

must be accumulated. We derive here a simple, but rigorous, expression for the

Due to the symmetry of the MB water molecule, the first term in the entropy expansion. This is done for the

following condition holds: three-dimensional pure molecular fluid, but can be general-
o ized straightforwardly to a mixture, id dimensions. The

g@W(r, b1, bo)= gf,\z,)w( réit =, ¢2) . (A10)  nomenclature used is based upon that of Gray and GuBbins.
For a fluid of N rigid molecules in a volum#& at tem-

This implies that, after expanding the right-hand side in theperatureT, the classical expression for the canonical parti-

Fourier series of EqAL), tion function is
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Zy
On= o (&Y
ZN:f drVdpN dwN dINexp(— BHy), (B2)

whereh is Planck’s constanty is the number of degrees of
freedom (five for linear molecules, six for nonlinear mol-
ecules, o is the symmetry numbe3=1/kT is the inverse
temperature wittk denoting the Boltzmann constamiy, is

N

. . . . 3/2
the Hamiltonianr™N represents the Cartesian coordinates Off(l) [ ( B )

the N molecules, ang", oV, andJV are the linear mo-
menta, Euler angles, and angular momenta of tibsgol-
ecules, respectively.

The probability,Pf\,”), of observing a givesspecificsub-

set of n of the totalN particles in a given arrangement of

positions, orientations, and momenta is

1
Pf\ln)zzfdrN_”de_”dwN_”dJN_”eXK—BHN)- (B3)

It is often more useful, however, to know the probability of

observing anyn indistinguishableparticles with the given
arrangement in phase space,p",»",J"). This is the
n-particle distribution function:

g NP
N (N—n)!

The one-particle distribution function is thus, from E(B3)
and(B4):

P (B4)

fg\ll)zz— drN"tdpN "t dwNtdIN Tt exp(— BHy). (B5)
N Jv
Noting that
2 2
P1 J1.
st ot o T o

+ 0 + 0
s<N”=47rc1{lnc2J dp[pzexp(—apz)]f dJeXP<— DI
0 — a=X,Y,Z

xex;( - >
a=X,Y,Z

which, after evaluating the linear momentum integrals from

standard tables, and regrouping, we are left with

o [T 32
SN= 3] & (Inc,—3/2)

+ oo
XJ dJ exp(
+o0 2
><J dJ Jiexp( - 2 b,
- a’'=X,Y,z

The two integrals in Eq(B11) are

- 2

a=X,Y,Z

MQ—E b,

X,Y,Z

}. (B11)

+ o0 +
bwﬂ—f aplp?ex-ap)] 3 b,[
0 a=X,Y,Z —

Hydrophobicity in a simple model of water 6313
where m is the molecular mads, is the moment of inertia in
the a=X,Y,Z dimension, and} is the potential of interac-
tion between one molecule and the remainMg 1 mol-
ecules, we can obtain an explicit formula for the one particle
distribution function. After substituting EqB6) into Eg.
(B5), separating the integrals, factoring the momentum inte-
grals into products, and dividing out like terms, we obtain an
expression for the one-particle distribution function that is
only dependent on one particle’s momentum:

5

Bl 3o
Xexr{ — ﬁ ex _'Ba:;Y,Z Ta , (B7)
wherep=N/V is the number density and is the total an-
gular volume of integration.
As Lazaridis and Paulaitis have shofithe canonical

expression for the one-particle term in the entropy expansion
is

N (P1,d1) =

Q\2mm

kNQ
sp=- 0 [ doartPpamin e @9

Substituting the expression of E@B7) into this equation,
and assigning the constants=pg/2m, b,=pg/2l,, ¢,
= —Nk(a/m)¥1 4_x v 2(bo/m) Y2, and Cy
=—c,h’pa/(NKQ) for mathematical simplicity, we have:

S(N1)=c1j dde[exr(—apz)exp<— > baJi>
v a=X,Y,Z

|

If the linear and angular momenta are factorizaBlthen we
obtain, after separating the integrals, and changing to spheri-
cal coordinates:

Inc,—ap?’~ > b,J?

a=X,Y,Z

X (B9)

+ +
~a[ “apipten-ap) [ a
0 —

\]i ex - 2 ba'\]i/) 1
a'=X)Y,Z

(B10)

Lo o\ 12
f dJ exp( - > baJi) = (—) (B12)
— a=X,Y,Z a=X,Y,Z ba
and
+o0 )
> baf dJ| 32 exp( - > ba,Ja,”
a=X,Y,Z —® a'=X,Y,Z
3 T 1/2
S E (519

respectively. After substituting these relationships back into
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