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Predicting water’s phase diagram and liquid-state anomalies

Thomas M. Truskett® and Ken A. Dill
Department of Pharmaceutical Chemistry, University of California, San Francisco, San Francisco,
California 94143-1204

(Received 10 May 2002; accepted 16 July 2002

Water expands upon freezing, has minima in its volume, heat capacity, and isothermal
compressibility with temperature, and shows signs of a first-order phase transition when
supercooled. We present an analytical molecular theory that can account for these behaviors. It
suggests that local network formation and hydrogen-bonding cooperativity between triplets of
neighboring molecules are keys to understanding water’s thermodynamic200® American
Institute of Physics.[DOI: 10.1063/1.1505438

INTRODUCTION models are able to reproduce many of liquid water’s distinc-
) ) ) tive properties. However they do not account for water’s
Simple analytical models—the ideal gas, the van deggjig “ice” phases, and they are not designed to predict the
Waals (vdW) fluid, the Einstein crystal—have considerably ,_pond structures present in the liquid phase. Here we de-
advanced our understanding of materials. The role of analytize|op a statistical mechanical model that gives simple in-
cal models is different from, and complementary to, that Ofsights into water's h-bond structures, its thermodynamic
detailed molecular simulations. Simulations are virtual ex-gnomalies, and its phase diagram. The model incorporates, at
periments. However, they are limited, even with the fastesfhg |evel of triplets of neighboring molecules, two key effects
computers, to exploring relatively short time and lengthof .honding in water(1) the energetic preference for open

scales. Analytical models are typically simpler and more apy,_pond structures an(®) the cooperativity of h-bond inter-
proximate, but they can give direct insights into how mate-5tions.

rial properties arise from microscopic interactions. More-
over, analytical models can often treat a broad range of o
conditions, reveal trends and universal principleg., the THE MODEL
law of corresponding statgssuggest functional relations for Our model bears structural resemblance to the Mercedes
engineering applications, and motivate experiments. In thiBenz(MB) model! which shows? many of water’s peculiar
Communication, we devglop an.analytic.al model for water. physical properties. However, the energetics of the two mod-
One of the most basic theories for simple molecular anc|s are somewhat different. We considémwater molecules,
colloidal fluids is the vdW model. It shows how such sys-each of which is modeled as a two-dimensiof2dD) disk of
tems can be qualitatively understood by considering twadiameterd. Each water has three identical bonding arms ar-
competing tendencies. Intermolecular attractions favor conranged as in the MB logtsee Fig. 1. We focus on triplets of
densed states at low temperatufesere energy dominates  molecules(labeled A, B, and C in Fig.)1 In the vapor and
while expanded vapor states prevail at high temperaturefguid phases, each triplet can fluctuate between three states.
(where entropy dominatgsHowever, this description is not The lowest energy state represents the cooperatigelike
adequate for watérWater molecules form hydrogen bonds structures found in ic& This state has energy; ()
(h-bonds that are both directional and “cooperativé;*’5 = — eyp+ ksop?, where— e, is an h-bond energy constant,
i.e., the strength of an h-bond depends on the bonding statgs is the vibrational spring constant of the h-bond, ahs
of neighboring molecules. For example, when an h-bondhe angle shown in Fig. 1. This term implies h-bond cooper-
forms between two water molecules, their charge distribuativity because the strength of the interaction between mol-
tions change so as to strengthen an h-bond with a third wategcules B and C depends on the bonding angle with A. The
Water’s h-bonding results in chains and open networks—2D “volume” '3 of the perfectly bonded cagelike state is
structural features that are thought to be principal compovlzgﬁd2/4, The next higher energy level isdensestate
nents of its anomalous behavfbt including the liquid's  with three vdW contacts, where B’s h-bonds with A and C
distinctive minima in volume, isothermal compressibility, are broken. Its energy is,= — €4, whereey is a constant,
and isobaric heat capacity at 4, 46.5 and 36 °C, respectiveland its local volume is , = (2+v3)d?/4. The highest energy
Recent theoretical treatmefiS have extended the vdW level is anexpandedstate with neither h-bonds nor vdw
model to incorporate hydrogen-bonding interactions. Theseontacts. Its energy isiz=0 and its local volume is
assumetf to be that of an excluded-volume gas,

_ -1 _ -1 H )
dpermanent address: Department of Chemical Engineering, The University- (BP) . +v,, whereg= (kBT? , kg is Boltzmann's con-
of Texas at Austin, Austin, Texas 78712-1062. stant, T is temperature, ané is pressure. To account for
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and theg;’s are densities of states.
(3) expanded
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A derivation and a discussion of the approximations associ-
ated with Eqs(1)—(4) are given in Ref. 14.
This model provides a highly simplified picture of wa-
U, = £y + s’ 2 ter’s hydrogen bonds, vdW attractions, and steric repulsions.
a‘ Its main limitations arg1) the 2D geometry of the model
¢ ,., does not accurately reflect water's molecular details @nd
the partition function does not account for correlations be-
FIG. 1. Molecular tripletgin order of increasing energyy(1) cagelike (2) ~ tween neighboring triplet cells—an approximation that may
densgand(3) expandedvolumesv, (j=1,2,3) are computed using house- not be accurate at low temperatures. The model's strengths
shaped cellsRef. 14 (shadegithat contain sectors of molecules A, B, and ;1\ qe its simple analytical form and its ability to provide
C. The sectors sum ted“/4; i.e., one total molecule per cell. As in tradi- . . . .
tional cell theories(Ref. 16, we account for the degrees of freedom of INSIghts into a broad range of experimentally observed ther-

central molecule B as it moves within the constraints of its cell. In themodynamic and structural properties of pure water.
cagelike state, B remains in contact with A and C. B maintains a perfect

h-bond with C, but the A—B bond bends as B rotates. In the dense state, A,

B, and C are in mutual contact, and B’s orientation is not constrained byTHERMODYNAMIC ANOMALIES

bonds. The expanded state has neither h-bonds nor vdW contacts. B’s ori-

entation¢ is measured with respect to the axis connecting the centers of A The liquid and vapor properties of the model can be
and B. computed fromA using standard thermodynamic relation-
ships. For example, the chemical potential is given by

interactions beyond the triplet level, we include a global at-«(8,P)=—(BN)"*InA and the molar volume(i.e., the

(1) cage-like

&
63

tractive energy- Na/v, wherea is the vdW dispersion pa- €quation of stateis given byuv(B,P)=(du/dP)s.**" In

rameter and is the average molar volunté?® contrast to molecular simulations using microscopically de-
The isothermal—isobari@onstantN, T, andP) partiton  tailed potentials, thermodynamic properties of the present

function for molecule B can be expressed‘as model can be calculated in a few seconds on a personal com-

puter.
Figure 2 compares the predicted and experim&him-
havior of the reduced volume, , thermal expansion coeffi-
. cientaf , isothermal compressibilitys , and heat capacity

] ) %tp. The theory captures water’s distinctive anomalies: mini-
cell (see Fig. ], x andy are the coordinates of molecule B, mum inv, , expansion upon coolingats<0), and minima
and c(B) results from integrating over the momenta. Thein both K*r ,andc ’

factor N in Eq. (1) accounts for the fact that each of the T P
molecules can be the central molecy®) of a cell. The
partition function for the system dfl moleculesA is ob- HYDROGEN-BOND STRUCTURES
tained by substituting Eq.l) into A:A'C\‘e”IN!, integrating
over the allowed values ok, y, and ¢, and applying

Stirling’s approximatiorN!=(N/e)N, to get

3
Aceu:C(B)NIZl fdedy d¢ exp(— BLu;+Pv;]), (1)

To understand the structural basis for these thermody-
namic properties, we studied the populations
=Aj/(2§:1Ak) of the three different states that triplets of

3 N neighboring molecules can exhilbitee Fig. 83)]. The popu-
A= le Al ) lations show that the molecules in the supercooled liquid are
in predominantly h-bonded, cagelike configurations. As the
Here A;=g; ext{ — B((u;)+Pv;)], where(u;) is the average liquid is heated, h-bonds break and the cagelike structures

energy of triplet state, collapse into denser states of higher enthalpy. This collapse
— B 2 underlies the supercooled liquid’s negative thermal expan-
(u))=—eyp+ - ksm/ B expl B;SW /9), sion coefficient &5 <0) and its large heat capacity. Apply-
2p 3 erf{Bksm’/9) ing pressure to the supercooled liquid shifts the cell popula-
(U)=—eq, 3) tion from open cagelike to dense structures. This explains the
large isothermal compressibility in supercooled water. Heat-
(uz)=0, ing warm water breaks the vdW contacts of the dense states,
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FIG. 2. Properties of the liquid at atmospheric press(edt) model and (7]

(right) experimentsRef. 1§. Unbroken curves represent the stable liquid += 0.6
and crystalline phases, and dashed curves represent the supercooled liqui +=
Discontinuities occur at the freezing point. The properties are volume
thermal expansion coefficients , isothermal compressibility% , and iso-
baric heat capacitgp /kg . Comparison with experiments requires reduced o« 0.4}
variables: T,=T/Tc, P,=P/Pc, v,=vlvc, «f=—(dInv/dP)r, and
afp=(9Inv, /‘ﬂ—r)P,- SubscriptC denotes the value at the liquid—vapor crit- O
cal point. In this representation, the predictions depend on three parameter: g
which we choose to be/(egd?)=0.295, e4/e45=0.15, andks/eyp 20.2 -
o
[oR

weakly-cooperative

non-bonded
N\

ion of OH state

=10°. The model’s “atmospheric” pressure & =0.1627, where it exhibits
freezing and boiling temperatures ©f=0.4255 andl,=0.5804(see Fig.

4), approximating water’s normal freezing and boiling temperatures, of
=0.422 and 0.577, respectively. 04 g 06 5 08 1

causing it to have positive thermal expansivitys(>0). The
theory correctly predicts that water’'s anomalies shown irFIG. 3. (a) Triplet populationsf; vs temperaturd, for the model liquid at
Fig. 2 are suppressed at high preséﬂra, result that is atmospheric pressure. The vertical lines that bound the stable liquid indicate

N . PR . _the freezing and boiling pointsee Fig. 4. Parameters are given in Fig. 2.
readily interpreted by Le Chateliers principle: Compressmn(b) Populations of OH states vs temperat(re along water’s saturation

shifts the equ.ilibrium liquid StrUCture_ away from the high- cyrve as determined from IR specteslapted from Fig. 5 of Ref)3Curves
volume cagelike structure&haracteristic of watgrto the  are guides to the eye.

low-volume dense structuregcharacteristic of simpler
liquids). bonded monomers dominate at high temperat(ses, e.g.,
The populations shown in Fig.(® are qualitatively Fig. 3 in Ref. 5.
similar to water’sl?ah-bond populations as deduced from IR
spectroscopic dataBased on an analysis of OH stretching
bands, Luck has identified three distinct types of OH statesPHASE DIAGRAM
in the liquid (listed in order of increasing energystrongly To study water’s phase behavior, we also modeled two
cooperative h-bonded, weakly cooperative h-bonded, andrystalline forms: a low-pressur@.P) and a high-pressure
nonbonded. These states are analogous to our model's cagétP) ice. LP ice is an open cagelike solid that has been found
like, dense, and expanded energy levels, respectively. Figuia simulations? of the MB model at lowP andT. The struc-
3(b) shows the effect of temperature on water’s h-bond poputure of HP ice is identical to that of LP ice, except that there
lations. Strongly cooperative h-bonds are prevalent in colds an additional water molecule in the center of each open
water. Heating melts the strongly cooperative structures inteage(see Fig. 4 In other words, HP ice is a self-clathréfe.
weakly cooperative and nonbonded states at intermediat&lthough these two solids do not exhaust the possible crys-
temperatures. Finally, the weakly cooperative h-bonds breatals for this model, we have not yet found other stable forms.
to form nonbonded states as the liquid approaches the criticille treat the model ices via a cell theory apprdéamwhich
point. A comparison of Figs. (@ and 3b) shows that the each solid is composed of identical and independent cells
present model captures these experimental observations. (see Fig. 4 We assume that the solids are incompressible
The results of Fig. @) are also consistent with theb  and obtain analytical expressidfgor the chemical poten-
initio molecular cluster populations predicted by Weinhold'stials of the two ice formgu p(3,P) and upype(B3,P), respec-
quantum cluster equilibriuniQCE) theory* for water® In  tively. Their molar volumes are) p=3v3d%/4 and vyp
zeroth-order QCE theory, strongly cooperative cyclic clusters=v3d?/2. To compute the various phase boundaries, we set
prevail at low temperatures, smaller and less cooperativequal the chemical potentials of competing phagesg.,
structures emerge at intermediate temperatures, and nopA{3,P)= uyp(B,P) yields the melting curve of HP ide
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ter). It explains many of water’s thermodynamic and struc-
4 HP tural anomalies by the temperature- and pressure-dependent

LL populations of these states. Its qualitative agreement with

21 transition experiments suggests that accounting for molecular details—
long-range electrostatic interactions, polarity, and three-
0 dimensional tetrahedral structuf@one of which are treated
here—is less important than treating the balance between
~ . . . . .
A2 localized h-bonding and vdW interactions for capturing pure
8’ water’s distinctive thermal signatures.
-4 Proposed |
L-L transition "]
2 ~
0 -

o} Solid forms of
water
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FIG. 4. Phase diagram of the modtlp) compared to experimentbottom

in pressureP, vs temperaturd, . Unbroken curves are phase boundaries for
the transitions discussed in the text. Dashed curves locate the metastable
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